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CHAPTER 2. AD-NILPOTENT ELEMENTS 
IN AN ASSOCIATIVE ALGEBRA
This chapter has been published in the journal Bulletin of the Malaysian 
Mathematical Sciences Society and can be found in [12].

Throughout all this chapter R is an associative algebra over Φ with 1
2

 ∈ Φ .

The main goal of this chapter is to deepen into the description of ad-nilpo-
tent elements of R and K where R is a semiprime associative algebra with 
involution. In the spirit of Martindale and Miers’ result [56, Main Theorem], 
we will obtain different types of ad-nilpotent elements of K of index n depen-
ding on the equivalence class of n modulo 4. In this chapter we will also 
study ad-nilpotent elements in semiprime associative algebras, as T.K. Lee 
did in [54], but we introduce a new concept called pure ad-nilpotent, that 
it will allow us to weaken torsion conditions and to obtain a more detailed 
classification. We say that an ad-nilpotent element a of index n in R- is pure 
if λa remains ad-nilpotent of the same index for every λ in the extended 
centroid such that λa ≠ 0. An ad-nilpotent element a of index n in K is pure 
if for every symmetric λ in the extended centroid such that λa ≠ 0, λa is 
ad-nilpotent of the same index n. This is just a technical condition, since 
every ad-nilpotent element of R− can be expressed as an orthogonal sum 
of pure ad-nilpotent elements of the central closure R̂ of R with decreasing 
indices of ad-nilpotency.

As a first step we focus on ad-nilpotent elements of R−. In this case, under 
the hypothesis of pure ad-nilpotence, the condition on the torsion of the 
algebra can be weakened when compared with the result of T.K. Lee in [54, 
Theorem 1.3].

From Theorems 2.2.4 and 2.3.6 we easily recover Lee’s results [54, Theorem 
1.3 and Theorem 1.5]. Furthermore, we also describe ad-nilpotent elements 
of Lie algebras of the form R/Z(R) and K/(K ∩ Z(R)), and of their derived Lie 
algebras [R, R]/([R, R] ∩ Z(R)) and [K, K]/([K, K] ∩ Z(R)).

Let us write down some useful results where the extended centroid C(R) 
plays a really important role. We will use the following results due to Beidar, 
Martindale and Mikhalev.

Theorem 2.0.1. ([57, Theorem 2(a)]) Let R be a prime associative algebra. Let 
ai, bi ∈ R for i = 1, 2,..., n with b1 ≠ 0 be such that �

i
n

i i
a xb� �

1
0  for every x ∈ R. 

Then there exist λi ∈ C(R) for i = 2,..., n such that a a inR
i
n

i i1 2
� �� � Æ.R̂.
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Theorem 2.0.2. ([7, Theorem 2.3.3]) Let R be a semiprime associative alge-

bra and let a1,a2,... ,an ∈ R. If a1 ∉ � � ���i
n

i
C R a2  in R̂ then there exist rj ,sj ∈ R for j  

= 1, 2,..., m such that �
j
m

j j
r a s� �

1 1
0  and �

j
m

i k j
ra s� �

1
0  for k = 2,... , n.

The next corollary can be found in [13]. For the sake of completeness we 
include its proof here.

Corollary 2.0.3. Let R be a semiprime associative algebra. Let ai, bi ∈ R for i 
= 1, 2,..., n be such that IdR(a1) ⊂ IdR(b1) and �

i
n

i i
a xb� �

1
0  for every x ∈ R. Then 

there exist λi ∈ C(R) for i = 2,... , n such that a a
i
n

i i1 2
� �� �  in R̂.

Proof. By Theorem 2.0.2, if a1 � � ���i
n

i
C R a2  there exist rj ,sj ∈ R, j = 1, ..., m, 

such that �
j
m

j j
r a s� �

1 1
0  and �

j
m

j k j
r a s� �

1
0  for k = 2,3, ..., n. Replace x by sjx and 

multiply �
i
n

i i
a xb� �

1
0  on the left by rj. We have 

0
1 1

111

� �
���
��� r a s xb r a s xb

j i j i j j
j

m

j

m

i

n

,

which implies that the ideal generated by �
j
m

j j
r a s�1 1  is orthogonal to the ideal 

generated by b1 and therefore, since IdR(a1) ⊂ IdR(b1), the ideal generated by 

�
j
m

j j
r a s�1 1  has zero square, a contradiction because R is semiprime.�

The following proposition is an easy generalization of [7, Theorem 2.3.9(i)].

Proposition 2.0.4. Let R be a centrally closed semiprime associative algebra. 
For any subset V ⊂ R there exists a unique idempotent ∊ ∈ C(R) such that ∊υ 
= υ for all υ ∈ V, the annihilator in C(R) of V is AnnC(R)(V) = (1 — ∊)C(R), the 
annihilator in R of the ideal generated by V is AnnR(IdR(V)) = (1 — ∊)R, and the 
ideal generated by V is essential in ∈R. Moreover, when R has an involution * 
and V ⊂ H or V ⊂ K, then ∊ ∈ H(C(R), *).

Proof. The first part of the proof follows as in [7, Theorem 2.3.9(i)] with the 
obvious changes. Let V ⊂ H or V ⊂ K, and consider the unique idempotent ∊ 
∈ C(R) such that ∊υ = υ for all υ ∈ V, the annihilator in C(R) of V is AnnC(R)(V) = 
(1 — ∊)C(R) and the annihilator in R of the ideal generated by V is AnnR(IdR(V)) 
= (1 — ∊)R. When R has an involution we can decompose ∊ = ∊ + ∊h with ∊k ∈ 
Skew(C(R), *) and ∊h ∈ H(C(R), *). We have that ∊υ = υ implies ∊kυ = 0. There-
fore, ∊k ∊ AnnC(R)(V) = (1 — ∊)C(R), i.e., ∊k∊ = 0 and � �� � �

k k h
2 0  and therefore 

∊ = ∊2 = (∊k + ∊h)2 = ∊2
h ∈ H(C(R), *).
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Lemma 2.0.5. Let R be a centrally closed semiprime associative algebra and 
let {vi}i∈I be a family of idempotent elements in C(R). Suppose there exists a 
family {λi}i∈I of elements in C(R) such that for every i, j ∈ I, λiViVj = λjViVj. Then 
there exists λ ∈ C(R) such that λvi = λivi for every I ∈ I. Moreover, if the ideal 
generated by the family {Vi}i∈I is essential in R, such λ is unique.

Proof. Let us consider the ideal S Rv
i

� �  generated by the family of idempo-
tents {vi}i∈I and the essential ideal T = S ⊗ AnnR(S). Define λ : T ↔ R by

� �� �x v z x v
i i i i i
�� � �: .

Let us prove that λ is well defined and an element in C(R). If � x v z
i i

� � 0  then 
� x v z

i i
� �0  and for every vk we have

� � �� � �
i i i k k i i k k i i kx v v x v v x v v� � � � � � �0.

Therefore ��
i i i
x v S� �  AnnR(S) = 0 which proves that λ is well defined. By 

construction [T, λ] ∈ C(R). Moreover, if the ideal S generated by the family 
{vi}i∈I is essential, AnnR(S) = 0 and [S, λ] ∈ C(R) is uniquely defined.�

2.1 Pure ad-nilpotent elements

Recall that an element a in a Lie algebra L is ad-nilpotent of index n if ad
a
nL = 0  

and ad
a
n L� �1 0 .

2.1.1. (i) Let us consider R-: we say that an element a is a pure ad-nilpotent 
element of R- of index n if for every λ ∈ C(R) with λa ≠ 0, λa is ad-nilpotent in 
R̂- of index n, where R̂ is the central closure of R.

(ii) Let us consider K: we say that an element a is a pure ad-nilpotent element 
of K of index n if for every λ ∈ H(C(R)), *) with λa ≠ 0, λa is ad-nilpotent in 
Skew(R̂, *) of index n, where R̂ is the central closure of R.

Lemma 2.1.2. If R is a semiprime associative algebra and a is an ad-nilpotent 
element of R of index n, the following conditions are equivalent:
	 (i)	 a is a pure ad-nilpotent element of R−.
	 (ii)	 IdR ad

a
n R� � �� �1  is an essential ideal of IdR(a).

	 (iii)	 AnnR
IdR ada

n−1 R( )( )( )  = AnnR
IdR a( )( ) .

Proof. Suppose that R is semiprime and centrally closed (otherwise, substitute 
R by its central closure R̂).

(i) ⇒ (ii). Let us consider V x x R
a
n� �� ��ad 1 | . By Proposition 2.0.4 there 

exists e ∈ C(R) such that eυ = υ for every υ ∈ V and AnnR(IdR(V)) = (1 — 
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e)R. Suppose that (1 — e)a ≠ 0. By hypothesis (1 — e)a is ad-nilpotent of 

index n, hence 0 1 0
1

1 1� � � � �� � � � ��� �
� �ad ad
e a

n
a
nR e R , a contradiction. So ea = a 

and AnnIdR ea( ) IdR adn
n−1 R( )( )( ) ⊂ AnnR IdR ada

n−1 R( )( )( )= 1−e( )R must be zero, i.e., 

Id ad
R a

n R� � �� �1  is essential in IdR(ea).

(ii) ⇒ (iii). This holds in general if I and J are ideals of R with I essential in J: 0 
= AnnJ(I) = AnnR(I) ∩ J implies AnnR(I)J = 0, so AnnR(I) ⊂ AnnR(J).

(iii) ⇒ (i). Let λ ∈ C(R) be such that λa ≠ 0. Clearly ad�a
n R� � � 0. Suppose 

that ad�a
n R� � � �1 0 : then �n

a
n R� � � � �1 1 0ad , so λn-1 ∈ Ann Id ad Ann Id

R R a
n

R R
R a� � �� �� � � � �� �1 , 

Ann Id ad Ann Id
R R a

n
R R

R a� � �� �� � � � �� �1 ,which is not possible because R is semiprime and λa ≠ 0.�

Lemma 2.1.3. Let R be a centrally closed semiprime associative algebra with 
involution *, and let a ∈ K be a pure ad-nilpotent element of K of index n. If 
there exists λ ∈ H(C(R), *) such that λa is ad-nilpotent of R of index n, then 
λa is a pure ad-nilpotent element of R of index n.

Proof. Let us see that for every μ ∈ C(R) with μλa ≠ 0, the element μλa has 
index of ad-nilpotency in R equal to n. Suppose that there exists μ ∈ C(R) with 
ad��a

n R� �1 0, and let us prove that μλa = 0:

We have that � �� �� �
n

a
n

a
n

a
nR R R� � � �� � �1 1 1 10 0ad ad so ad,  because C(R) is regular von 

Neumann. In particular, � �� �ad ad
a
n

a
nH K� �� �1 1 0. Since μ = μh + μk, we have that 

� �� �h a
n

k a
nR Rad ad� �� �1 1 0.

From 0 1 1 1� �� � �� � � �n
n

a
n

h a
nad R ad R  we get that μhλa index of ad-nilpotency in K 

lower than n, implying μhλa = 0 because a is a pure ad-nilpotent element of K.

From 0 2
1

1 1
2� � � �

�
� �� � � �k

n

a
n

a

nR R
k

ad ad  we get that � �
k
a2  has index of ad-nilpotency  

in K lower than n, so again � �
k
a2 0�  (because a is a pure ad-nilpotent element 

of K), and by regularity of C(R), μkλa = 0.

This implies μλa = 0.�

The next proposition shows that every ad-nilpotent of R- or of K can be expressed 
as an orthogonal sum of pure ad-nilpotent elements of decreasing indices.
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Proposition 2.1.4. Let R be a centrally closed semiprime associative algebra 
and let a ∈ R be an ad-nilpotent element of R- of index n. There exists a family 
of orthogonal idempotents �� � � � �

�i i

k
C R

1
 such that a a

i
j

i
� ��� 1  with ∊ia a pure 

ad-nilpotent element of index ni in ∊iR for n = n1 > n2 > … > nk.

Similarly, if R has an involution * and a is an ad-nilpotent element of K of index 
n, then there exists a family of orthogonal idempotents �� � � � �� ��i i

k
H C R

1
,*  

such that a a
i
k

i i
� ��� 1a a

i
k

i i
� ��� 1  with ∈ia a pure ad-nilpotent element of index ni in Skew 

(∈iR, *) for n = n1 > n2 > … > nk.

Proof. Let us prove the result for Lie algebras of skew-symmetric elements. 
We will proceed by induction on n. If n = 1 there is nothing to prove. Let us 
suppose that the result is true for every ad-nilpotent element of index less 
than n and let a ∈ K be an ad-nilpotent element of index n ≥ 2. Let us consider 
V x x K

a
n� �� ��ad 1 | . By Proposition 2.0.4 there exists ∊ ∈ H(C(R), *) such that 

∊υ = υ for every υ ∈ V and AnnR(IdR(V)) = (1 − ∊) R. Then a = ∊a + (1 − ∊) a.

Clearly, by construction (1 − ∊) a is ad-nilpotent of index less than n in K: for 
every x K x x x xa

n
a
n

a
n

a
n� � ��� � � �� �

��� �
� � � �,ad ad ad ad
1

1 1 1 11 0 .

Let us prove that ∊a is pure ad-nilpotent of index n in Skew(∊R, *). For any 
λ ∈ H(C(R), *) such that λ∊a ≠ 0, λ∊a is ad-nilpotent of index n: clearly 
ad Skew�� �� �� �a

n R,* = 0 and if ad Skew��
� �� �� �a
n R1 ,* = 0 then λn−1∊ ∈ AnnR(IdR(V)) 

= (1 − ∊) R, which leads to a nilpotent ideal generated by the nonzero element 
λ∊a, a contradiction with the semiprimeness of R.

Apply now the induction hypothesis to (1 − ∊)a and the Lie algebra of 
skew-symmetric elements Skew((1 − ∊)R, *).�

2.2 Ad-nilpotent elements of R−

In this section we are going to prove that every nilpotent inner derivation is 
induced by a nilpotent element, generalizing to semiprime algebras Herstein’s 
result [42, Theorem in p. 84] for simple algebras. This result was already pro-
ved by Grzeszczuk ([38, Corollary 8]). Our techniques are rather elementary 
and, by adding the hypothesis of pure ad-nilpotence, we can describe such 
elements with less restrictions on the torsion of the algebra.

Lemma 2.2.1. Let R be a semiprime associative algebra and let a ∈ R be a 
nilpotent element. Suppose that there exist some λi ∈ ℤ, i = 0, …, n, such that

λia
i x,y⎡⎣⎢

⎤
⎦⎥

i=0

n

∑ an−i=0



32

TESIS DOCTORAL

for all x, y ∈ R. Then for every i = 0, …, n we have λiamax(i,n−i) = 0. In particular, 
each term in the identity above is zero.

Proof. First, let us suppose that R is prime and suppose that a ≠ 0 has 
index of nilpotence s. If the lemma is not satisfied, there exists some k with  
λkamax(k,n−k) ≠ 0. In particular, max(k,n − k) < s. Let us multiply the expression 

�
i
n

i
i n ia x y a�

��� ��0
� ,  by as−1−k on the left and by as−1−(n−k) on the right, so that

0 1

0

1 1� �� ��
�

�
�

�

�
� � �� ��

� � �

�

� � �� � ��a a x y a a a x ys k
i

i n i

i

n
s n k

k
s� �, , aas�1

for every x,y ∈ R. Hence λkas−1xyas−1 = λkas−1yxas−1 for every x, y ∈ R. Since as−1 
≠ 0 for every x ∈ R we have by Theorem 2.0.1 that there exists αx ∈ C(R) such 
that λkas−1x = αxλkas−1. Multiplying this last expression by a on the right we get 
λkas−1xa = 0 for every x ∈ R. By primeness of R we get that either as−1 = 0 or 
λka = 0, leading to a contradiction.

If R is semiprime then R is a subdirect product of prime quotients R/Iα with ∩α 
Iα = 0. For any α and any i, by the prime case λiamax(i,n−i) ∈ Iα, so λiamax(i,n−i) = 0.
�

Lemma 2.2.2. Every nilpotent element of an associative algebra R is  
ad-nilpotent. If a has index of nilpotence t and index of ad-nilpotence n then n 

≤ 2t − 1. If R is semiprime then n ≥ t, and if in addition R is free of n

s

�

�
��
�

�
�� -torsion 

for s n
: ,�

��

�
�

�

�
�
1

2
 then t = s and n = 2t − 1.

Proof. Since at = 0, for every x ∈ R we have

ad
a
t t i i t i

i

t

x
t

i
a xa2 1 2 1 2 1

0

2 1 2 1
1 0� � � � �

�

�

�
��

�
��

�

�
�� �� � ��

because if i < t then 2t − 1 − i ≥ s. Therefore n ≤ 2t − 1.

Suppose now that R is semiprime and let us see that n ≥ t: if on the contrary

ad
a
t t i i t i

i

t

x
t

i
a xa� � � � �

�

�

�
��

�
��

�

�
�� �� � ��1 1 1

0

1 1
1 0

for every x ∈ R, focusing on the first summand of this expression (( − 1) t−1 xat−1) 
we get that at−1 = 0 by Lemma 2.2.1, a contradiction.
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Moreover, since for every x ∈ R we have 0 1
0

� � �� �

�
��
�

�
�� �� ��

� �ad
a
n

i
n n i i n ix

n

i
a xa� ,  

again by Lemma 2.2.1 
n

s
as

�

�
��
�

�
�� � 0  for s n

:�
��

�
�

�

�
�
1

2
. If R is free of 

n

s

�

�
��
�

�
�� -torsion 

then as = 0 so s ≥ t, i.e., n ≥ 2t − 1, and therefore n = 2t − 1 (equivalently, t = s).
�

The next example shows that all possible cases in the lemma above can be 
realized: Let p be an odd prime number and R a prime associative algebra with 

characteristic p. If a ∈ R is a nilpotent element of index t� ��
�
�

�
�
�

p p1

2
,...,  then 

a is ad-nilpotent of index p. In particular there are no ad-nilpotent elements 
of index between p + 1 and 2p − 1, and a nilpotent element of index p is ad-
nilpotent of the same index p.

Proposition 2.2.3. Let R be a prime associative algebra and let a ∈ R be an 
ad-nilpotent element of R− of index n. Let 𝔽̅ denote the algebraic closure of 
the field 𝔽 := C(R) and R := R̂ ⊗ 𝔽̅. Then:
1. There exists μ ∈ 𝔽̅ such that a − μ is a nilpotent element of R ̅.

2. If R is free of 
n

s

�

�
��
�

�
�� -torsion for s n

:�
��

�
�

�

�
�
1

2
then n is odd and the index of  

nilpotence of a is
n

�
�

�
1

2
. If in addition R is free of s-torsion then μ ∈ C(R).

Proof. (1) Since R is prime, 𝔽 = C(R) is a field and R ̅ is a centrally closed prime 
algebra (see [7, pp. 445–446]). From

0 1
0

� �
�

�
��
�

�
�� �� � � �

�
�ad

a
n n i i n i

i

n

x
n

i
a xa

for every x ∈ R we have, by Theorem 2.0.1, that a seen as an element of R̂ is 
an algebraic element over 𝔽 of degree not greater than n. Let us consider the 
minimal polynomial p(X) ∈ 𝔽[X] of a. Let 𝔽̅ be the algebraic closure of 𝔽 and 
let μ1,…, μr ∈ 𝔽 ̅be the roots of p(X) in 𝔽,̅ i.e., p(X) = (X − μ1)k1 … (X - μr)kr ∈ 𝔽[X].

Let us prove that p(X) has only one root in 𝔽 ̅ and therefore p(X) = (X − μ)k ∈ 
𝔽[X], whence a − μ is nilpotent in R ̅: Suppose on the contrary that p(X) has 
different roots μ1,…, μr, r > 1, and define qi(X) := p(X)/(X − μi) for every i. Since 
p(X) is the minimal polynomial of a, qi(a) ≠ 0 in R ̅. Note that (a − μi)qi(a) = 
p(a) = 0 and therefore aqi(a) = μiqi(a). Now, since we are in the prime case, 
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there exists y ∈ R such that q1(a)yq2(a) ≠ 0 and therefore ada(q1(a)yq2(a)) = 
aq1(a)yq2(a) − q1(a)yq2(a)a = (μ1−μ2)q1(a)yq2(a) ≠ 0. This means that q1(a)
yq2(a) is an eigenvector of the linear map ada associated to the eigenvalue 
μ1 − μ2, hence it is an eigenvector of ad2

a associated to (μ1 − μ2)2, etc. This 
is a contradiction because both q1(a)yq2(a) and each power of (μ1 − μ2) are 
nonzero, while ada is nilpotent. Therefore r = 1, p(X) = (X − μ)k ∈ 𝔽[X] and 
(a − μ)k = 0.

(2) Let us consider b := a − μ ∈ R,̅ which is ad-nilpotent of index n. Let us see 
that n is odd: Suppose on the contrary that n = 2m. Then

0 1
0

� � �
�

�
��
�

�
�� �� � � �

�
�ad ad

a
n

b
n n i i n i

i

n

x x
n

i
b xb

implies by Lemma 2.2.1 that 
n

m
bm

�

�
��

�

�
�� � 0  and, since R ̅ is free of 

n

m

�

�
��

�

�
��-torsion, 

that bm = 0. Substituting in ad
b
n

i
n n i i n ix

n

i
b xb�

�
� � � � ��

��

�
��

�

�
�� �� �1

0
1 1 11

1�  we get that 

ad
b
n x� �1 0  for every x ∈ R, a contradiction.

Therefore n is odd and a − μ is nilpotent of R ̅ of index s n
:�

� 1
2

 by Lemma 

2.2.2. Moreover, since the coefficient of degree s − 1 of p(X) = (X − μ)s ∈ 𝔽[X] 
is −sμ ∈ 𝔽, if R is free of s-torsion then μ ∈ 𝔽, i.e., there exists μ ∈ C(R) such 

that a − μ is nilpotent of index S s n
:�

� 1
2

.
�

In the following theorem we get the description of the pure ad-nilpotent ele-
ments of R−. In its proof, Proposition 2.2.3 is primarily used to find that any 
ad-nilpotent element a ∈ R of index n forces a x x y

a
n

a
n, , ,ad ad� ��� ��

�
�

�
�

�
�

�
�
�1 1 0  for 

every x, y ∈ R. If 2, 3, …, r were invertible in R for r n
n

� �
�

�
�
�

�
� �2
1 , this identity 

would directly follow from the proof of [29, Theorem 2.3].

Theorem 2.2.4. Let R be a semiprime associative algebra, let R̂ be its central 
closure, and let a ∈ R be a pure ad-nilpotent element of R− of index n. Put 

s:= n+ 1
2
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
, and suppose that R is free of 

n

s

�

�
��
�

�
�� -torsion and s-torsion. Then n is 

odd and there exists λ ∈ C(R) such that a − λ ∈ R̂ is nilpotent of index n + 1
2

.
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Proof. Let us suppose that R is a prime associative algebra and, without loss of 
generality, that it is centrally closed. Consider μ ∈ C(R) as given by Proposition 

2.2.3. Putting b := a − μ, we know that bs = 0 for s n
:�

� 1
2

, hence for every x, 
y ∈ R we have

ada
n−1x( ) adan−1x( )= adb

n−1x( ) adbn−1x( )=0,and
a, ada

n−1x, ada
n−1x,y⎡

⎣⎢
⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥
= b, adb

n−1x, adb
n−1x,y⎡

⎣⎢
⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

=−2 n−1
s−1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
n−1
s−1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
b,bs−1xbs−1ybs−1xbs−1⎡
⎣⎢

⎤
⎦⎥ =0.

If R is semiprime, R is a subdirect product of prime associative algebras 

(without n

s

�

�
��
�

�
��  and s-torsion) and in any of these prime quotients

ada
n−1x( ) adan−1x( )=0 and a, ada

n−1 x, ada
n−1x,y⎡

⎣⎢
⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥
=0,

which imply that

ada
n−1x( ) adan−1x( )=0, and a, ada

n−1 x, ada
n−1 x,y⎡

⎣⎢
⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥
=0

for every x,y ∈ R. For every x ∈ R, let z x
x a

n:� �ad 1 . By the identity above,

0
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2
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� �� �a z z y az yz z yz a

x x x x x x
, , , .

Therefore, since IdR(zxa) ⊂ IdR(zx), by Corollary 2.0.3 there exists λx ∈ C(R) 
such that zxa = λxzx and by Proposition 2.0.4 there exists ∊x ∈ C(R) such that 
∈xzx = zx and AnnR(IdR(zx)) = (1 − ∊x)R. Therefore
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for every y ∈ R, whence (a — λx)n ∈ AnnR(IdR(zx)). So ∊x(α — λx)n = 0. Now, 
for every x, xʹ ∈ R there exist λx,λx, ∈ C(R) and idempotents ∊x, ∊x, ∈ C(R) 
such that 0 = (∊x∊xʹa — ∊x∊xʹλx)n = (∊x∊xʹa — ∊x∊xʹλx)n, so ∊x∊xʹλx = ∊x∊xʹλx, by 
Lemma 1.3.3. By Lemma 2.0.5 there exists λ ∈ C(R) such that ∊xλ = ∊xλx for 
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every x ∈ R. Then for every x ∈ R we have zx(a — λ)n = ∊xzx(a — λx)n = 0, so 
0 �� � �� �x x a

n
x

n
z y z y aad �  for every y ∈ R thus (a — λ)n ∈ AnnR(IdR(zx)) (see 

1.2.1). Moreover � � �� � � � �� �� ��
�

x R R R x R R a
nId z RAnn Ann Id ad 1  by definition of zx, 

and Ann Id ad Ann Id
R R a

n
R R

R a� � �� �� �� � �� �1  because a is pure (Lemma 2.1.2(iii)). 

Finally, let ∊ ∈ C(R) be such that ∊a = a and AnnR(IdR(a)) = (1 — ∊)R. Then  
∊(a — λ)n = (a — ∊λ)n = 0 because it is contained in (1 — ∊)R.

Hence a — ∊λ is nilpotent in addition to being ad-nilpotent of index n. Put 

s
n

:�
��

�
�

�

�
�
1

2
 and take any prime quotient without s and 

n

s

�

�
��
�

�
�� -torsion in which 

a���  is still ad-nilpotent of index n. By Proposition 2.2.3(2) we get that n 

must be odd and a−∈ λ  is nilpotent of index s. Since in any prime quotient 

a
s

��� � �� 0  by Proposition 2.2.3(2), we have that s is the index of nilpotence 
of a — ∊λ.�

Lee’s description of ad-nilpotent elements of R- is recovered when the hypo-
thesis of being pure is removed.

Corollary 2.2.5. ([54, Theorem 1.3]) Let R be a semiprime associative algebra, 
let Ȓ be its central closure, let a ∈ R be an ad-nilpotent element of R- of index 
n, and suppose that R is free of n!-torsion. Then n is odd and there exists λ ∈ 
C(R) such that a — λ ∈ Ȓ is nilpotent of index n + 1

2
.

Proof. Suppose without loss of generality that R is centrally closed, i.e., R = R̂.

By Proposition 2.1.4 there exists a family of orthogonal idempotents 

�� � � � �
�i i

k
C R

1
 such that a a

i
k

i
� ��� 1  with ∊ia a pure ad-nilpotent element of 

index ni (n = n1 > n2 > ...) of R∊i. Then by Theorem 2.2.4 there exists λi ⊂ C(R∊i) 

⊂ C(R) such that (∊ia — λi)Si = 0 for s
n

i
i:�
��

�
�

�

�
�
1

2
 and for all i = 1,…, k. Hence 

� �� ���i
n

i i1  satisfies the claim.�

Interesting Lie algebras associated to simple associative algebras R are the 
quotient algebras [R, R]/([R, R] ⋂ Z( R)), which are simple unless R has 2- 
torsion and is 4-dimensional over its center ([44, Theorem 1.13]). Let us study 
ad-nilpotent elements in these associative algebras.
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Lemma 2.2.6. ([23, Lemma 4.6]) Let R be a semiprime associative algebra 
and let a ∈ R be such that ad

a
n R Z R� �� � �. Then ad

a
n R Z R� �� � �=0.

Proof. For every x ∈ R we have

0� � ��� �� � � ��
�

�
� �� � �� ��ad ad ad

a
n

a
n

a
nxa x x a x x a x, , , .

Therefore 0 1
2

� � � �� ��� � � � ��ad ad ad
a
n

a
n

a
nx a x x,  which implies, since R is semiprime 

and ad
a
nx Z R� � �,  that ad

a
nx = 0 .

Lemma 2.2.7. Let R be a semiprime associative algebra, let L := [R, R]/([R, R] 
⋂ Z(R)) and let ā := a + ([R, R] ⋂ Z(R)) ∈ L be an ad-nilpotent element of L of 
index n. Then a is an ad-nilpotent element of index n in R-.

Proof. For every x R x a x R R Z R
a
n

a
n

a
n� � �� ��� �� �� ��� �� � ��, , ,ad ad ad1  so, by Lemma 

2.2.6, ad
a
n x� �1 0  for every x ∈ R, i.e., a is ad-nilpotent in R- of index n or n + 1.

Let us suppose that R is prime. Then, by Proposition 2.2.3, there exists μ ∈ 𝔽̅, 
the algebraic closure of 𝔽 := C(R), such that a — μ is nilpotent in R ⊗ 𝔽 ̅of some 
index s. Moreover, by Lemma 2.2.2, s ≤ n + 1. Put b := a — μ. Then

0=ada
n x,y⎡⎣⎢

⎤
⎦⎥( )=adbn x,y⎡⎣⎢

⎤
⎦⎥( )= n

i

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
−1( )n−i bi x,y⎡⎣⎢ ⎤

⎦⎥b
n−i

i=0

n

∑

for every x, y ∈ R. By Lemma 2.2.1, for every k n
�
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�
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0 1
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, ,...,  we have 
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�� ��� �max ,

0 , so

ad ad
a
n

b
n

i

n n i i n ix x
n

i
b xb� �

�

�
��
�

�
�� �� � �

�

� ��
0

1 0,

i.e., a is an ad-nilpotent element of R¯ of index n.

Finally, since ā is ad-nilpotent of index not greater than n in any prime quo-
tient, a is an ad-nilpotent element of R¯ of index n when R is semiprime.�

In particular, from these last two lemmas we get that if R is semiprime then 
[R, R]/([R, R]∩Z(R)) and R/Z(R) are nondegenerate Lie algebras (see [44, 
Sublemma in p. 5]).
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Corollary 2.2.8. Let R be a semiprime associative algebra, let Ȓ be its central 
closure, and let L := [R,R]/([R,R] ∩ Z (R)) or L := R/Z (R). If ā ∈ L is an ad- 
nilpotent element of L of index n and R is free of n!-torsion, then n is odd and 
there exists λ ∈ C(R) such that a — λ ∈ Ȓ is nilpotent of index n + 1

2
 .

Proof. If L = [R, R]/([R, R] ∩ Z(R)) the result follows by Lemma 2.2.7 and 
Corollary 2.2.5. If L = R/Z(R) the result follows by Lemma 2.2.6 and Corollary 
2.2.5.�

2.3 Ad-nilpotent elements of K

In this section we focus on semiprime algebras R with involution * and their 
set of skew-symmetric elements K. As in the previous section, we will first 
describe the pure ad-nilpotent elements of K, and then remove the hypothesis 
of being pure by decomposing each ad-nilpotent element into a sum of pure 
ad-nilpotent elements of decreasing indices.

The following lemma collects some results about *-identities. Item (1) is [44, 
Remark on p. 43] (with a different proof), item (2) is a generalization of [56, 
Lemma 5], and item (3) is a generalization of [13, Lemma 5.2].

Lemma 2.3.1. Let R be a semiprime associative algebra with involution *. Let 
k ∈ K and h ∈ H. Then:

1.	 kKk = 0 implies k = 0.

2.	 hKh = 0 implies hRh ⊂ H(C(R), *)h. In particular, R satisfies

	 hxhyh = hyhxh   for every x,y ∊ R,

	 and if IdR(h) is essential then Skew(C(R), *) = 0.

3.	� hKh = 0 and hKk = 0 imply hRk = 0. In particular, if IdR(h) is essential 
then k = 0, while if h ∊ IdR(k) then h = 0 (resp. if k ∊ IdR(h) then k = 0).

4.	� k[K, K]k = 0 and k2 = 0 imply k = 0.

Proof. We can suppose without loss of generality that R = Ȓ, i.e., R is centrally 
closed.

(1)  Take x ∊ R. Note that k(x — x*)k = 0, so that kxk = kx*k. Then

k(xkx)k = k(xkx)*k = —kx*kx*k = —(kx*k)x*k = —kxkx*k  
   = —kx(kx*k) = —kxkxk



39

CHAPTER 2. AD-NILPOTENT ELEMENTS IN AN ASSOCIATIVE ALGEBRA

and so we have kxkxk = 0 since R is free of 2-torsion. Therefore kxkxkyk = 0 
for every y ∊ R, hence

0 = —kxk(xky)k = —kxk(xky)*k = kxky*kx*k = kxkykxk,

so (kxk)R(kxk) = 0 and kxk = 0 since R is semiprime. Now kRk = 0 implies, 
again by semiprimeness, that k = 0.

(2) If h = 0 then the claim is trivially fulfilled, so assume h ≠ 0. Take x, y ∈ R. 
Note that h(x — x*)h = 0 and therefore hxh = hx*h. Then

0 = h(xhy — (xhy)*)h = hxhyh — hy*hx*h = hxhyh — (hy*h)x*h =

= hxhyh — hy(hx*h) = hxhyh — hyhxh = (hxh)yh — hy(hxh),

i.e., hxhyh = hyhxh. By Corollary 2.0.3, since h ≠ 0 and IdR(hxh) ⊆ IdR(h), for 
each x ∊ R there exists �x C R� � �  such that hxh h

x
��  Hence 0 ≠ hRh ⊂ C(R)h. 

Moreover, since hx h hxh hxh hxh hx h h H C R h
x x

* , * ,* ,*� � � � �� � � � �� �2 � � , so 
hRh ⊆ H(C(R), *)h.

Let us suppose that IdR(h) is essential in R and let us show that Skew(C(R), *) 
= 0: Take λ ∈ Skew(C(R), *) and y ∈ R. Then (λh)y(λh) = λh(yλ)h = λμXyh 
∈ K for some μλy ∈ H(C(R), *). On the other hand (λh)y(λh) = λ2hyh = λ2

μh ∈ 
H for some μy ∈ H(C(R), *). Therefore (λh)y(λh) = 0 for every y ∈ R, and by 
semiprimeness of R, λh = 0, so λ = 0 because IdR(h) is essential.

(3) Suppose first that R is *-prime and, without loss of generality, that it is 
centrally closed. If R is not prime then there is λ ∈ Skew(C(R), *) such that 
R = K + λK (see 1.3.2), hence hKh = 0 implies hRh = 0 and h = 0 since R is 
semiprime, so trivially hRk = 0. Now assume R is prime. Since R = H + K we 
only need to show that hHk = 0. Let x ∈ H and y ∈ R. Then

0 = h(xky — (xky)*)h = hxkyh + hy*kxh = hxkyh + hykxh

since h(y* — y)k = 0 for every y ∈ R. By Corollary 2.0.3, since IdR(hxk) ⊂ IdR(h), 
for each x ∈ R there exists μx ∈ C(R) such that hxk = μxh. If μx = 0 then hxk = 0  
and we are done. Otherwise, 0 2� � �hxkxk hxk h

x x
� � , hence h = 0 and we are 

also done.

Suppose now that R is semiprime. Then there exists a family of *-prime ideals 
{Iα}α∈Δ such that ∩α∈Δ Iα = 0. In each *-prime quotient R/Iα we have ħR/Iαk̄  = 
0̄, so hRk ⊂ Iα for all α, hence hRk = 0.

(4) Since k2 = 0 and k[K, K]k = 0, for all x, y ∈ K we get
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	 0 = k[[x, k], y]k = kxkyk + kykxk,	 (a)

thus kxkyk = —kykxk and 2kxkxk = 0 for all x ∈ K, hence kxkxk = 0 since R is 
free of 2-torsion. Now, by (a),

0 = (kxkxk)yk = kx(kxkyk) = —kxkykxk

for all x, y ∈ K. Thus (kxk)K(kxk) = 0 for all x ∈ K, kKk = 0 and k = 0 by item (1) 
applied twice. � □

Remark 2.3.2. Let R be a semiprime associative algebra with involution. If a 
∈ K is an ad-nilpotent element of K of index n, then for every x = xh + xk ∈ R 
with xh ∈ H and xk ∈ K:

ad ad ad

ad ad

a
n

a
n

k k a
n

h h

a
n

k a
n

k

ax xa ax x a ax x a

x x

�� �� �� �� �� �
� � � � � �� aa ax x a

a
n

h h
� �� � �ad 0,

since axh + xha ∈ K. On the other hand, expanding this expression,
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.

Observe that a nilpotent element in K is ad-nilpotent of both K and R, but its 
index of ad-nilpotence in R may be higher than the one found in K.

In the following proposition we describe the ad-nilpotent elements of K of 
index n that are already nilpotent of certain index s. The description depends 
on the equivalence class of the index of ad-nilpotence modulo 4 and relates 
the index of nilpotence to the index of ad-nilpotence.

Proposition 2.3.3. Let R be a semiprime associative algebra with involution 
*, let R̂ be its central closure, and let a ∈ K be a nilpotent element of index  
of nilpotence t. Then a is ad-nilpotent in R. If the index of ad-nilpotence of a 

in K is n and R is free of 
n

s

�

�
��
�

�
��  -torsion for s n

:�
��

�
�

�

�
�
1

2
, then:

1. If n ≡4 0 then t = s + 1 and asKas = 0.

2. If n ≡4 1 then t = s and the index of ad-nilpotence of a in R is also n.

3. The case n ≡4 2 is not possible.
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4. If n =4 3 then there exists an idempotent ∊ ∈ C(R) such that ∊as = as. Moreo-
ver, when we write a = ∊a + (1 — ∊)a, we have:

(4.1) If 0 ≠ ∊a ∈ R̂ then ∊a is nilpotent of index s + 1, ∊as = as generates an 
essential ideal in ∊R̂. and (∊a)s—1k(∊a)s = (∊a)sk(∊a)s—1 for every k ∈ Skew(R̂, *).

(4.2) If 0 ≠ (1 — ∊)a ∈ R̂, then the index of ad-nilpotence of (1 — ∊)a in R̂ is 
not greater than n, and (1 — ∊)as = 0.

Furthermore, if a is a pure ad-nilpotent element of K then in (2) and in (4.2) we 
obtain pure ad-nilpotent elements of R (respectively of R̂) of index n.

Proof. Let us suppose without loss of generality that R = R̂, i.e., R is centrally 
closed.

Let a ∈ K be a nilpotent element of index of nilpotence t. Then a is ad-nilpo-
tent of K of a certain index n. If we apply Lemma 2.2.1 to the second formula 
obtained in Remark 2.3.2 we get that all the monomials appearing in it are 
zero. We will now focus on certain monomials depending on the parity of n.
• If n is even, n = 2s. Let us see that t = s + 1: on the one hand, for any x ∈ R 

we know that
n

s

n

s
a xa

s s s�
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��1 2

 is a divisor of 2
n

s

�
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�
��  and R is free of 2

n

s

�
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�

�
�� -torsion, 

we have that  asxas+1 = 0 for all x. Therefore as+1 = 0 by semiprimeness, hence t ≤ 
s + 1. On the other hand, if t = s then as = 0 and ad

a
s R x2 1 0� � � � , a contradiction.

Let us see that n ≡4 0: For any k ∈ K,

0
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so as kas = 0 for every k ∈ K, which implies that s has to be even, since 
otherwise as ∈ K and as Kas = 0 imply as = 0 by Lemma 2.3.1(1), a contradiction. 
We have shown that, if n is even, n ≡4 2 is not possible.

• If n is odd, n = 2s — 1, and for any x ∈ R,
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Since n

s

n
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 is a divisor of 2
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��  and R is free of 2
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�

�
�� -torsion, we 

have that as−1xas+1 = 0 for all x. Therefore as+1 = 0 by semiprimeness, hence t ≤ s 
+ 1. On the other hand t > s — 1 since otherwise ad

a
s R2 2 0� � � � , a contradiction.

If as = 0 then a is already an ad-nilpotent element of R of index n. In this case 
n ≡4 1 or n ≡4 3 by Proposition 2.2.3(2). Furthermore, if a is pure in K then a is 
pure in R by Lemma 2.1.3.

Suppose from now on that as ≠ 0. Let us show that n ≡4 3. By Proposition 2.0.4 
there exists an idempotent ∊ ∈ H(C(R), *) such that ∊as = as and AnnR(IdR(as)) 
= (1 — ∊)R (so as = ∊as generates an essential ideal in ∊R). Notice that ∊a ≠ 0 
(otherwise 0 = (∊a)s = ∊as = as, a contradiction). For every k ∈ K we have
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Since R has no n

s

�

�
��
�

�
�� -torsion, ∊as—1kas = ∊askas—1 for every k ∈ K. Moreover, 

multiplying by a on the right we get ∊askas = askas = 0, so asKas = 0, which 

by Lemma 2.3.1(1) is only possible if as ≠ 0 is symmetric, hence s is even and 
n ≡4 3.

If (1 — ∊)a ≠ 0 then ad
1

2 1 0
��� �
� � � �a

s R  and (1 — ∊)a is an ad-nilpotent element of 

R of index not greater than 2s — 1.

If a is a pure ad-nilpotent element of index n in K then (1 — ∊)a is ad-nilpotent 
of K of index n and therefore (1 — ∊)as—1 ≠ 0. From this the index of ad-nilpo-
tence of (1 — ∊)a in R must be n = 2s — 1. Then by Lemma 2.1.3 (1 — ∊)a is a 
pure ad-nilpotent element of R of index n.�

Remark 2.3.4. Let a ∈ K be a nilpotent element of index t. If we denote its index 
of ad-nilpotence in K by n, we obtain from Proposition 2.3.3 that, under the 

right torsion hypothesis, 2 3 2 1t n t� � � �  and n t
n�

� �
�1

2

3

2
.
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The next two results can be joint in one, but in order to clarify our proof we 
have decided split them in two. Firstly, in the next proposition we prove that a 
pure ad-nilpotent element of K can be descomposed into two parts, where one 
part is ad-nilpotent of R and the other part is nilpotent. After that, in Theorem 
2.3.6, we apply Proposition 2.3.3 to obtain the classification of a pure ad-nil-
potent element of K depending on its index of ad-nilpotence modulo 4.

Proposition 2.3.5. Let R be a semiprime associative algebra with involution 
*, let R be its central closure, and let a ∈ K be a pure ad-nilpotent element of 
K of index n > 1. Then:

(1)	 There exists an idempotent ∊ ∈ H(C(R), *) such that (1 — ∊)a is an ad-
nilpotent n element of R of index ≤ n and ∊a is nilpotent with adµ∈a

n R̂( )≠0  
for every μ ∈ C(R) such that μ∊a  ≠ 0.

(2)	Moreover, if a is pure ad-nilpotent in K and R is free of n

s

�

�
��
�

�
�� -torsion and 

t-torsion for s n
:�

��

�
�

�

�
�
1

2
, when we write a = ∊a + (1 — ∊)a we have:

(2.1) � If ∊a ≠ 0 then ∊a is nilpotent of index s + 1.

(2.2) � If (1 — ∊)a ≠ 0 then (1 — ∊)a is pure ad-nilpotent in R of index n. 
In this case n is odd and there exists λ ∈ Skew(C(R), *) such that  
((1 — ∊)a — λ)s = 0.

Proof. Notice that n ≥ 3 since ada K2 0� ��  implies a ∈ Z(R) by [27, Corollary 4.8] 
and so ada(K) = 0, which is not possible because n > 1 by hypothesis.

(1) Let us suppose first that R is a *-prime associative algebra and, without 
loss of generality, that it is centrally closed.

(1.a) Case 1: ad
a
n R� �� 0  and we get the claim for the idempotent ∊ = 0.

(1.b) Case 2: ad
a
n R� �� 0  implies that there are no nonzero skew elements 

λ in C(R), since otherwise (by 1.3.2) R = K + λK would imply ad
a
n R� �� 0 ; in 

particular R is prime. Since ad
a
n K� �� 0 , by the second formula of Remark 

2.3.2 and Corollary 2.0.3, a is an algebraic element of R over the field  
𝔽 := C(R). Let us consider the minimal polynomial p(X) ∈ 𝔽 [X] of a. Let 𝔽 ̅be 
the algebraic closure of C(R) and let μ1,…, μt ∈ 𝔽 ̅such that p(X) = (X — μ1)k

1 …  
(X — μs)k

s. Let q1(X) := p(X)/(X — μi), so q1 (a)a = μ1q1(a). Now, for any x ∈ 
R ⊗ 𝔽̅,
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and therefore, since R ⊗ 𝔽 ̅is a centrally closed prime algebra (see [7, pp. 445–
446]), (a — μ1)n(a + μ1) = 0. If μ1 = 0 then a is nilpotent of index at most n + 1. 
If μ1 ≠ 0, since the involution is the identity over C(R) because Skew(C(R), *)  
= 0, it extends to R ⊗ 𝔽̅ via (r ⊗ λ)* := r* ⊗ λ, hence 0 = ((a — μ1)n)*(a + μ1)* 
= (a* — μ1)n(a* + μ1) = (—a — μ1)n(—a + μ1) implies (a + μ1)n(a — μ1) = 0. From 
the conditions (a — μ1)n(a + μ1) = 0 and (a + μ1)n(a — μ1) = 0 we obtain p(X) 
= (X — μ1)(X + μ1). Thus a2

1
2�� , but then � � � � � �ad ad

a
n

a

n x
x  for every k ∈ K, a 

contradiction with n ≥ 3.

Let us study the semiprime case, and suppose without loss of generality that 
R is centrally closed: If a is already ad-nilpotent in R of index n, take ∊ = 0 
and the claim holds. Suppose from now on that ad

a
n R� �� 0 . By Proposition 

2.0.4 let ∊ ∈ H(C(R), *) be an idempotent such that � � � � � �ad ad
a
n

a
nx x  for 

every x ∈ R, AnnR IdR ada
n R( )( )( )= 1−∈( )R and AnnC R( ) ada

n R( )( )= 1−∈( )C R( ). Then 

ad ad
1

1 0
��� � � � � ��� � � � �a

n
a
nR R .

Let us study the element ∊a: First notice that ad�� �
a

n R 0  for every μ 
such that μ∊a ≠ 0, since otherwise � �� � �� ��ad ad

a
n

a
nR R 0  implies μ∊ ∈ 

Ann ad
C R n

a R C R� � � �� �� ��� � � �1  = (1 — ∊)C(R) and hence μ∊ = 0, a contra-
diction. Let us see that ε a is nilpotent. Since R is semiprime, the inter-
section of all *-prime ideals of R is zero. Consider the essential *-ideal 
S R R R R

R a
n

R R n
a

R a
n:� � �� �� � �� �� �� � �� �� ��� �Id ad Ann Id ad Id ad 1 . Let us consider 

the families

� � � �� �1
: | / **I R R I is S I primeand

and
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� � � �� �2
: | / **I R R I is S I primeand

Since S ⊂ ∩I∈Δ2 I and S is essential, ∩I∈Δ1 I = 0 and R is a subdirect product of R/I 
with I ∈ Δ1. Let us see that in any *-prime quotient ∊a is nilpotent of index not 
greater than n + 1. Take I ∈ Δ1 and consider R̄ := R/I. We may have two cases:

• If ⋷ = 0̄ then ∈ a  = 0̄.

• If ⋷ ≠ 0̄ then ⋷ = 1̄ ∈  R/I and 1−∈=0 , so (1 − ∈)R ⊂ I. Moreover, 

ad
n

a
R I

�
� � �/ 0  since otherwise ad n

a
R I

�
� � �/ 0  would imply S ⊂ I,  

a contradiction. Let us see that R/I is prime: if R/I is *-prime and not prime 
there would exist a nonzero skew element λ in C(R/I), which implies that 
R/I = Skew(R/I, *) ⊕ λSkew(R/I, *) (see 1.3.2), so 

ad ad Skew Skew
n

a
R I

n

a
R I R I

�
� � �

�
� � � � �� � �/ / ,* / ,*� 0  a contradiction. So 

R/I is a prime algebra with involution and ad n

a
R I

�
� � �/ ) 0  which implies, 

by the case (1.b), that ∈ a  is nilpotent of index not greater than n + 1.

In conclusion, for any I ∈ Δ1 we have ∈an+1 ∈ I and therefore ∈an+1 = 0.

(2) Suppose now that a is a pure element of K of index n and R is free of 

2
n

s

�

�
��
�

�
�� -torsion and free of s-torsion for s n

:�
��

�
�

�

�
�
1

2
. If a is already ad-nilpotent 

of R of index n then a is pure in R by Lemma 2.1.3 and we can use Theorem 
2.2.4 to find that n is odd and there exists λ ∈ Skew(C(R), *) such that (a − 
λ)s = 0. Otherwise write a = ∊ a + (1 − ∊)a as before. Since ∊a is nilpotent and 
ad-nilpotent of K of index n (because we are assuming that a is pure in K), 
∊a is nilpotent of index s + 1 (it has index s or s + 1 by Proposition 2.3.3, but 
ad
∈a
n R( )≠0).  Moreover, (1 − ∊)a is a pure ad-nilpotent element of R of index 

n (if it is nonzero, its index of ad-nilpotence cannot be lower than n since (1 
− ∊)a is ad-nilpotent in K of index n), and we can apply Theorem 2.2.4 and 
Lemma 1.3.3 to get that n is odd and there exists λ ∈ Skew(C(R), *) such that 
((1 − ∊)a − λ)s = 0.

Theorem 2.3.6. Let R be a semiprime associative algebra with involution *, 
let R̂ be its central closure, and let a ∈ K be a pure ad-nilpotent element of K 

of index n > 1. If R is free of n

s

�

�
��
�

�
�� -torsion and s-torsion for s n

:�
��

�
�

�

�
�
1

2
 then:
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1.	 If n ≡4 0 then as+1 ≠ 0, as ≠ 0 and asKas = 0. Moreover, there exists an 
idempotent ∊ ∈  H(C(R), *) such that ∈a = a and the ideal generated by 
as is essential in ∊R̂. In addition ∊R̂ satisfies the GPI asxasyas = asyasxas 
for every x,y ∈ ∊R̂.

2.	 If n ≡4 1 then there exists λ ∈ Skew(C(R), *) such that (a − λ)s = 0 (a is an 
ad-nilpotent element of R of index n).

3.	 It is not possible that n ≡4 2.

4.	 If n ≡4 3 then there exists an idempotent ∊ ∈ H(C(R), *) making a = ∊a + 
(1 − ∊)a ∊ R̂ such that:

(4.1) �If ∊a ≠ 0 then ∊as+1 = 0, ∊as ≠ 0 and ∊ask∊as−1 = ∊as−1k∊as for every k 
∊ Skew(R̂, *). The ideal generated by ∊as is essential in ∊R̂ and ∊R̂ 
satisfies the GPI asxasyas = asyasxas for every x,y ∈ ∊R̂.

(4.2) �If (1 − ∊)a ≠ 0 then there exists λ ∈ Skew(C(R), *) such that ((1 − ∊)
a − λ)s = 0 ((1 − ∊)a is a pure ad-nilpotent element of R̂ of index n).

In particular, for all n > 1 there exists λ ∈ Skew(C(R), *) such that (a − λ)s+1 = 
0, (a − λ)s−1 ≠ 0.

Proof. We can suppose without loss of generality that R = R̂, i.e., R is centrally 
closed. By Proposition 2.3.5 there exists an idempotent ∊ ∈ H(C(R), *) such that 
� �ad ad

a
n

a
nx x  for every x ∈ R and AnnR(IdR (ad∊(R))) = (1 − ∊)R, and moreover:

•	 If ∊a ≠ 0, it is nilpotent of index s + 1 and ad-nilpotent of K of index n. By 
Proposition 2.3.3 this may happen if either n ≡4 0, in which case as+1 = 0, 
as ≠ 0, asKas = 0 and (1 − ∊)a = 0 (because (1 − ∊)a is ad-nilpotent of R 
and its index cannot be even), or n =4 3. The case n =4 1 is not possible 
because ∊as ≠ 0.

•	 If (1 − ∊)a ≠ 0 then (1 − ∊)a is a pure ad-nilpotent element of R, n is odd 
and there exists λ ∈ Skew(R, *) with ((1 − ∊)a − λ)s = 0. By Proposition 
2.3.3 this may happen if either n =4 1 (in this case ∊a = 0) or n =4 3. The 
decomposition (1 − ∊)a − λ = a1 + a2 given by Proposition 2.3.3(4) occurs 
with a1 = 0 since otherwise the index s + 1 of a1 would contradict ((1 − ∊)
a − λ)s = 0.

In the particular case of n =4 3 with ∊a ≠ 0, the idempotent ∊1 produced in 
Proposition 2.3.3(4) for the nilpotent element ∊a satisfies ∊1∊as = ∊as, so (1 − ∊1) 
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∊ ∈ AnnR IdR ada
n R( )( )( )  = (1 − ∊)R, thus ∊1 ∊ = ∊ and ∊as = ∊1∊as generates an 

essential ideal in ∈R̂. On the other hand, we know from Proposition 2.3.5 that 
(∊a)s-1 k(∊a)s = (∊a)sk(∊a)s-1 for every k ∈ K; in particular (∊a)sK(∊a)s = 0. There-
fore, by Lemma 2.3.1(2) the identity

asxasyas = asyasxas

holds in ∊R.

In the particular case of n =4 0 the idempotent ∊ produced in Proposition 2.3.5 
satisfies ∊asxas = ∊as for every x ∈ R and AnnRIdR(asRas) = (1 − ∊)R. On the other 
hand, (1 − ∊)a must be zero because ad

1−∈( )a
n R( ) = 0 and a is a pure ad-nilpotent 

element (so a = ∊a). Therefore, the ideal generated by as in ∊R is essential in 
∈R̂ and the identity asxasyas = asyasxas holds in ∊R by Lemma 2.3.1(2).

Remark 2.3.7. It is worth noting that in the semiprime case, when n =4 3 there 
can exist elements a with two nonzero parts ∊a and (1 − ∊)a behaving as in 
Theorem 2.3.6(4.1) and Theorem 2.3.6(4.2). This is no longer true in the prime 
case, see [56, Main Theorem].

In the next corollary we recover T.K. Lee’s main result by taking into account 
that every ad-nilpotent element can be expressed as a sum of pure ad-nilpo-
tent elements of decreasing indices.

Corollary 2.3.8. ([54, Theorem 1.5]) Let R be a semiprime associative alge-
bra with involution * and free of n!-torsion, let Ȓ be its central closure, and 
let a ∈ K be an ad-nilpotent element of K of index n. Then there exist λ ∈ 
Skew(C(R), *) and an idempotent ∊ ∈ H(C(R), *) such that (∊a — λ)s+1 =  

0 and (∈a — λ)s-1 ≠ 0 for s n
:�

��

�
�

�

�
�
1

2
, and (1 — e)R̂ is a PI-algebra satisfying 

the standard identity S4.

Proof. We can suppose without loss of generality that R = R̂, i.e., R is centrally 
closed. By Proposition 2.1.4 there exists a family of orthogonal symmetric 
idempotents �� �

�i i

k

1
 of the extended centroid such that a a

i
k

i
� ��� 1

,  with ∊ia a 
pure ad-nilpotent element of index ni (n = n1 > n2 > ...) of Skew (∊iR, *). If nk = 
1 then ∊ka can be decomposed as ∊ka = ∊k1a + (1 — ∊k1)a, where ∊k1a ∈ Z(R) and 
(1 — ∊k1)R is a PI-algebra satisfying the standard identity S4 by [13, Theorem 
4.2(i),(ii) and (*)]. The claim follows now from Theorem 2.3.6.�
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Let us extend this last result to Lie algebras of the form K/(K ∩ Z(R)) and [K,K]/
([K,K] ∩ Z(R)).

Corollary 2.3.9. Let R be a semiprime associative algebra with involution free 
of n!- torsion, let Ȓ be its central closure, and consider the Lie algebra L := K/
(K ∩ Z(R)). If ā is an ad-nilpotent element of L of index n then there exist λ ∈ 
Skew(C(R), *) and an idempotent ∊ ∈ H(C(R), *) such that (∊a — λ)s+1 = 0 and 

(∊a — λ)s-1 ≠ 0 for s n
:�

��

�
�

�

�
�
1

2
, and (1 — ∊)R̂ is a PI-algebra that satisfying the 

standard identity S4.

Proof. Let us prove that adn
a(K) ⊂ Z(R) implies adn

a(K) = 0: Suppose first that 
R is *-prime and, without loss of generality, centrally closed. If ad

a
n K� � � 0 , 

there would exist 0 � � � � � � �� ad
a
n K Z R , so R = K + λK by 1.3.2 and hence 

ad
a
n R Z R� � � � � , which implies by Lemma 2.2.6 that ad

a
n R� � � 0 , a contradic-

tion. The same result follows for semiprime algebras because they can be 
expressed as subdirects product of *-prime quotients.

The claim follows now from Corollary 2.3.8.

Now we turn to Lie algebras of the form [K, K]/([K, K] ∩ Z(R)). We first need a 
technical lemma.

Lemma 2.3.10. Let R be a semiprime associative algebra with involution * 
and a ∈ K be such that ad

a
n K K Z R,�� ��� � � � � , n > 1. If R is free of (n + 1)!-torsion 

then adn
a(K) = 0.

Proof. Let us first suppose that R is a *-prime associative algebra and, without 
loss of generality, that it is centrally closed. If Skew(C(R), *) ≠ 0 then R = K + 
λK for any 0 ≠ λ ∈ Skew(C(R), *) (see 1.3.2); thus ad

a
n R R Z R,�� ��� � � � � , and by 

Lemma 2.2.7 a is an ad-nilpotent element of R of index n. Otherwise Skew 
(C(R), *) = 0, in which case R must be prime and K ∩ Z(R) = 0, so adn

a([K, K]) 
= 0. From ad ad

a
n

a
nK K K� � �� ��� � �1 0,  and Skew(C(R), *) = 0 we get from Propo-

sition 2.3.5 that a is a nilpotent element of R. Let t be its index of nilpotence. 
If ad

a
nk = 0  we are done; suppose it is not and let us compare the index of 

ad-nilpotence of a in K with its index of nilpotence t (see Proposition 2.3.3) to 
get a contradiction:

(a) If n + 1 =4 0 then t n
�

� 3
2

 and at-1Kat-1 = 0. From n

t

n

t�

�

�
��

�

�
�� � �

�

�
��

�

�
��2 1

 we get, 

for every x ∈ R, that ad
a
n t t t t tx

n

t
a xa a xa� �� �

�

�

�
��

�

�
�� �� �� � � � �1

2

1 2 1 1 2 . Then, for every 
k, k ∈ K,
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�

a k a k a a k a ka
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t
a

t t t t t t

t

1 2 1 1 2 2

2
2 1

2
tt

k a
n t t

k a
n t

a
n

k a
n

k a a k a� � � ��� � � �� �� � �
� �

2 2 1 1 2 2

2

ad ad ad ad

ad ad ad kk K K
a
n� �� �� �� ��� � �ad , 0

because ad ad
a
n

a
n t tk k a a Ka� � � � �� �0 01 1,  and t ≥ 3 implies at-1  a t-2 = 0. Therefore 

ad ad
a
n

a
nk K k� � � � � 0  and hence ad

a
nk = 0  for every k ∈ K by Lemma 2.3.1(1).

(b) If n + 1 =4 1 then t n
� �
2

1 . For every x ∈ R, ad
a
n t t tx

n

t
a xa� �� �

�

�

�
��

�

�
��

� � �1
1

1 1 1 . 
Then, for every k, k' ∈ K,

2 2
1 1

1 1 1ad ad
a
n

a
n t t tk k k

n

t

n

t
a ka k a� � �� � � �

�

�
��

�

�
�� �

�

�
��

�

�
�� �� � � kka

n

t

n

t
a a k a a

t

t
k

t t t

�

� � � �

�

�
�

�

�
��

�

�
�� �

�

�
��

�

�
�� �� � �

�

1

1 2 1 1 1

1 1
ad

aad ad ad ad
a
n

k a
n

a
nk K K2 0� �� �� �� ��� � �,

because at-1at-1 = 0. Therefore ad ad
a
n

a
nk K k� � � � � 0  and hence ad

a
nk = 0  for every 

k ∈ K by Lemma 2.3.1(1).

(c) The case n + 1 =4 2 is not possible.

(d) If n + 1 =4 3 then, by primeness of R, either t n
� �

2
2  and at-2kat-1 = at-1kat-2 for 

every k ∈ K (case (4.1) in Theorem 2.3.6) or t ≤t n
� �

2
2+ 1 (case (4.2) in Theorem 2.3.6).

(d.1) Suppose t n
� �

2
2  and at-2kat-1 = at-1kat-2 (1) for every k ∈ K. For conve-

nience write � �: , :�
�

�

�
��

�

�
�� �

�

�

�
��

�

�
��

n

t

n

t3 2
 and observe that α ≠ β (since n ≠ 2t − 5). 

For every k, k' ∈ K we have
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0= ada
n k, ′k⎡⎣⎢

⎤
⎦⎥( )=αat−3 k, ′k⎡⎣⎢

⎤
⎦⎥a

t−1−βat−2 k, ′k⎡⎣⎢
⎤
⎦⎥a

t−2+αat−1 k, ′k⎡⎣⎢
⎤
⎦⎥a

t−3.(2)

Multiplying on the left by a and applying (1) to the second term afterwards,

0= aada
n k, ′k⎡⎣⎢

⎤
⎦⎥( )=αat−2 k, ′k⎡⎣⎢

⎤
⎦⎥a

t−1−βat−1 k, ′k⎡⎣⎢
⎤
⎦⎥a

t−2 =

=αat−2 k, ′k⎡⎣⎢
⎤
⎦⎥a

t−1−βat−2 k, ′k⎡⎣⎢
⎤
⎦⎥a

t−1 = α −β( )at−2 k, ′k⎡⎣⎢ ⎤
⎦⎥a

t−1,

which gives at—2[k, k']at-1 = 0 (3) since R is free of (α — β)-torsion. Now we 
study two separate cases:

If n = 2 then t = 3 and a ∈ K satisfies ad3
a(K) = 0 and a2 ≠ 0, a3 = 0, so it is a Cli-

fford element (see [10]). Since R is free of 2, 3-torsion there is a twin element b 
∈ K of a such that aba = a and a2b2a2 = a2 ([10, p. 289 and Proposition 3.7(6)]).

Then, by (3),

0 = a[[b, a], b]a2 = 2(aba)ba2 − a2b2a2 − ab2a3 = 2aba2 − a2 = a2,

a contradiction.

If n > 2 then n ≥ 6 and t ≥ 5, so 2t − 4 > t and (at−2)2 = 0. We see that

	 at−2[k1, k′1]at−2[k2, k′2]at−2[k1, k′1]at−2 = 0	 (4)

for every k1, k′1, k2, k′2 ∈ K: from (2) we can write βat−2[k2, k′2]at−2 as a linear 
combination of at−1[k, k′]at−3 and at−3[k, k′]at−1, so (4) follows since R is free of 
β-torsion and at−2[k1, k′1]at−1 = 0 = at−1[k1, k′1]at−2 by (3) and (1). Since for each 
k1, k′1 ∈ K we have that b := at−2[k1, k′1]at−2 ∈ K is such that b2 = 0 and b[K, K]b 
= 0 by (4), by Lemma 2.3.1(4) we get b = 0 for each k1, k′1 ∈ K, so at−2[K, K]at−2 
= 0, and at−2 = 0 again by Lemma 2.3.1(4), a contradiction.

(d.2) Suppose t n
� �
2

1 . In this case, the proof follows as in (b): 

ad
a
n

n n n

x
n

n a xa� �� �
�

�

�
��

�

�

�
��

1

2

2 2 2  for every ad ad
a
n

a
nk K k� � � � � 0  and hence ada

nk = 0  for 

every k ∈ K by Lemma 2.3.1(1).

In any case ad
a
n K� � � 0 . Finally, the semiprime case follows because R is a 

subdirect product of *-prime associative algebras. �
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From this lemma and Corollary 2.3.8 we get:

Corollary 2.3.11. Let R be a semiprime associative algebra with involution 
*, let R̂ be its central closure, and consider the Lie algebra L := [K, K]/(Z(R) 
∩ [K, K]). If ā is an ad-nilpotent element of L of index n > 1 and R is free of 
(n + 1)!-torsion then there exist λ ∈ Skew(C(R), *) and an idempotent ∊ ∈ 

H(C(R), *) such that (∈a − λ)s+1 = 0 and (∈a − λ)s−1 ≠ 0 for s n
:�

��

�
�

�

�
�
1

2
, and 

(1 − ∊)R̂ is a PI-algebra satisfying the standard identity S4.
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