CHAPTER 2. AD-NILPOTENT ELEMENTS
IN AN ASSOCIATIVE ALGEBRA

This chapter has been published in the journal Bulletin of the Malaysian
Mathematical Sciences Society and can be found in [12].

Throughout all this chapter R is an associative algebra over ® with % ED.

The main goal of this chapter is to deepen into the description of ad-nilpo-
tent elements of R and K where R is a semiprime associative algebra with
involution. In the spirit of Martindale and Miers' result [56, Main Theorem],
we will obtain different types of ad-nilpotent elements of K of index n depen-
ding on the equivalence class of n modulo 4. In this chapter we will also
study ad-nilpotent elements in semiprime associative algebras, as T.K. Lee
did in [54], but we introduce a new concept called pure ad-nilpotent, that
it will allow us to weaken torsion conditions and to obtain a more detailed
classification. We say that an ad-nilpotent element a of index nin R™ is pure
if Aa remains ad-nilpotent of the same index for every A in the extended
centroid such that Aa # 0. An ad-nilpotent element a of index n in K is pure
if for every symmetric A in the extended centroid such that Aa # 0, Aag is
ad-nilpotent of the same index n. This is just a technical condition, since
every ad-nilpotent element of R~ can be expressed as an orthogonal sum
of pure ad-nilpotent elements of the central closure R of R with decreasing
indices of ad-nilpotency.

As a first step we focus on ad-nilpotent elements of R-. In this case, under
the hypothesis of pure ad-nilpotence, the condition on the torsion of the
algebra can be weakened when compared with the result of T.K. Lee in [54,
Theorem 1.3].

From Theorems 2.2.4 and 2.3.6 we easily recover Lee's results [54, Theorem
1.3 and Theorem 1.5]. Furthermore, we also describe ad-nilpotent elements
of Lie algebras of the form R/Z(R) and K/(K n Z(R)), and of their derived Lie
algebras [R, RI/([R, Rl n Z(R)) and [K, KI/([K, K] n Z(R)).

Let us write down some useful results where the extended centroid C(R)
plays a really important role. We will use the following results due to Beidar,
Martindale and Mikhalev.

Theorem 2.0.1. ([57, Theorem 2(a)]) Let R be a prime associative algebra. Let
a,b,eRfori=1,2,.,nwithb,# 0 be such that X7 a.xb =0 for every x € R.
Then there exist A, € C(R) for i = 2,..., n such that a, =", Aa.inR.

i=2 7N

27



TESIS DOCTORAL

Theorem 2.0.2. ([7, Theorem 2.3.3]) Let R be a semiprime associative alge-

brg @ndleta,a,,....a, €R.If a,¢ 37, C(R)a; in R then there existr,,s, € R for j

=1, 2,..., msuch that ij:] ra.s, #0 and 2511 ra.s; =0 fork=2,..,n.

The next corollary can be found in [13]. For the sake of completeness we
include its proof here.

Corollary 2.0.3. Let R be a semiprime associative algebra. Let a, b, € R for i
=1,2,..,nbesuch thatld.(a) cld. (b)) and X7 axb, =0 for every x € R. Then

=17

there exist \, € C(R) fori=2,..., nsuch that a,=X, A0, in R.

Proof. By Theorem 2.0.2, if a, ezl.”:ZC(R)a, there exist r.s € R j=1 .. m,

suchthat £7,ra;s, =0 and 7, ra,s, =0 fork=23, ..., n. Replace x by sx and
multiply =7, a,xb, =0 on the left by r. We have

n

0=

M=

rja.s.xb, =

S,Xb, ra,s xp,,

JoT

i

Il
-
Il

which implies that the ideal generated by X7, r.a;s; is orthogonal to the ideal
generated by b, and therefore, since Id (a,) c Id.(b,), the ideal generated by

Z;L ras; has zero square, a contradiction because R is semiprime. O

The following proposition is an easy generalization of [7, Theorem 2.3.9(i)].

Proposition 2.0.4. Let R be a centrally closed semiprime associative algebra.
For any subset V c R there exists a unique idempotent e € C(R) such that eu
= U for all u € V, the annihilator in C(R) of V is Ann,, (V) = (1— €)C(R), the
annihilator in R of the ideal generated by V is Ann,(Id(V)) = (1— €)R, and the
ideal generated by V is essential in R. Moreover, when R has an involution *
andVc HorV cK thenee H(C(R), *).

Proof. The first part of the proof follows as in [7, Theorem 2.3.9(i)] with the
obvious changes. Let V. c H or V c K, and consider the unique idempotent e
€ C(R) such that eu = u for all u € V, the annihilator in C(R) of Viis Ann_ (V) =
(1— ¢€)C(R) and the annihilator in R of the ideal generated by V is Ann,(ld(V))
= (1— ¢)R. When R has an involution we can decompose e = € + ¢, With ¢,_€
Skew(C(R), *) and €, € H(C(R), *). We have that eu = u implies € u = 0. There-
fore, e e AnnC (V) = (1—€)C(R), i.e., e.e = 0 and €;=¢,€,=0 and therefore

e=e’=(e +¢)°=¢e2 e H(CR), *). o
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Lemma 2.0.5. Let R be a centrally closed semiprime associative algebra and
let {v}, be a family of idempotent elements in C(R). Suppose there exists a
family {N\}._, of elements in C(R) such that for every i, j €|, AiViVj = 7\}.\//.\/}.. Then
there exists A € C(R) such that Av, = A v, for every | € I. Moreover, If the ideal
generated by the family {V}_, is essential in R, such \ is unique.

Proof. Let us consider the ideal S=ZXRv, generated by the family of idempo-
tents {v}_ and the essential ideal T = S ® Ann(S). Define A : T <> R by

i’ iel
A(ZxV, +2)=ZAxV,.
Let us prove that A is well defined and an elementin C(R). If 2xv, + z=0 then
ZxVv,=0=z and for every v, we have
(ZAxV, )V, =ZAXVV, =2, (Z X,.v,.)vk =0.

(A ki k

Therefore A xv,eSn Ann,(S) = 0 which proves that A is well defined. By
construction [T, A] € C(R). Moreover, if the ideal S generated by the family
{v}ier is essential, Ann,(S) = 0 and [S, A] € C(R) is uniquely defined. U

2.1 Pure ad-nilpotent elements

Recall that an element a in a Lie algebra L is ad-nilpotent of index n if ad’L =0
and ad?'L#0.

2.1.1. (i) Let us consider R: we say that an element a is a pure ad-nilpotent
glement of R~ of indexAn if for every A € C(R) with Aa # 0, Aa is ad-nilpotent in
R- of index n, where R is the central closure of R.

(i) Let us consider K: we say that an element a is a pure ad-nilpotent element
of K of index n if for every A € H(C(R)), *) with Aa # 0, Aa is ad-nilpotent in
Skew(R, *) of index n, where R is the central closure of R.

Lemma 2.1.2. If R is a semiprime associative algebra and a is an ad-nilpotent
element of R of index n, the following conditions are equivalent:
(i) ais a pure ad-nilpotent element of R-.

(ii) 1d,(ad] " (R)) is an essential ideal of Id,(a).

(i) Ann(Id,(ad(R))) = Ann, (1d, (a)).

Proof. Suppose that R is semiprime and centrally closed (otherwise, substitute
R by its central closure R).

(i) = (ii). Let us consider V = adg‘1x|><eR . By Proposition 2.0.4 there
exists e € C(R) such that eu = u for every U € V and Ann(ld(V)) = (1 —
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e)R. Suppose that (1— e)a # 0. By hypothesis (1 — e)a is ad-nilpotent of
index n, hence Oiad(”;)a (R):(1—e)adg’“(R):O, a contradiction. So ea = a
and Ann‘dR(EU)(IdR (adg’1 (R))) c Ann, (IdR(adg”(R))):@—e)R must be zero, i.e.,
ld, (ad; " (R)) is essential in Id,(eq).

(ii) = (iii). This holds in general if  and J are ideals of R with | essential in J: 0
= Ann (/) = Ann,(/) n J implies Ann,(/)J = 0, so Ann,(/) c Ann_(J).

(i) = (i). Let A € C(R) be such that Aa # 0. Clearly ad], (R):O. Suppose
that ad},(R)=0: then A" 'ad}"(R)=0, so A"" € Ann,(id, (ad]"(R))) = Ann,
(1d, (@), which is not possible because R is semiprime and Aa # 0. O
Lemma 2.1.3. Let R be a centrally closed semiprime associative algebra with
involution *, and let a € K be a pure ad-nilpotent element of K of index n. If
there exists N € H(C(R), *) such that Aa is ad-nilpotent of R of index n, then
Aais a pure ad-nilpotent element of R of index n.

Proof. Let us see that for every u € C(R) with uha # 0, the element uAa has

index of ad-nilpotency in R equal to n. Suppose that there exists u € C(R) with
ad”.'R=0, and let us prove that uAa = 0:

We have that u""'ad] 'R =ad,'R = 0,s0 uad],'R = Obecause C(R) is regular von

Neumann. In particular, pad].'H = pad]_'K =0. Since u =, + (,, we have that
pad’ 'R=pad 'R=0.

From O=p"'ad}'R=0ad’ R we get that yu,Aa index of ad-nilpotency in K

hia
lower than n, implying uhia = 0 because a is a pure ad-nilpotent element of K.

From 0= (yf )nf1 ad;/R=ad", R we get that p22a has index of ad-nilpotency

in K lower than n, so again ukz,la =0 (because a is a pure ad-nilpotent element
of K), and by regularity of C(R), yAa = 0.

This implies pAa = 0. ]

The next proposition shows that every ad-nilpotent of R~ or of K can be expressed
as an orthogonal sum of pure ad-nilpotent elements of decreasing indices.
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CHAPTER 2. AD-NILPOTENT ELEMENTS IN AN ASSOCIATIVE ALGEBRA

Proposition 2.1.4. et R be a centrally closed semiprime associative algebra
and let a € R be an ad-nilpotent element of R™ of index n. There exists a family
of orthogonal idempotents {e,} < C(R) suchthat a=%/ e a with ea a pure
ad-nilpotent element of index n, 'in eRforn=n,>n,>. > nk.
Similarly, if R has an involution * and a is an ad-nilpotent element of K of index
n, then there exists a family of orthogonal idempotents {e} < H(C(R),*)

such that a =%, €0, with €a a pure ad-nilpotent element of index n, in Skew
(ER, *) forn=n,>n,>...>n,.

Proof. Let us prove the result for Lie algebras of skew-symmetric elements.
We will proceed by induction on n. If n = 1there is nothing to prove. Let us
suppose that the result is true for every ad-nilpotent element of index less
than n and let a € K be an ad-nilpotent element of index n = 2. Let us consider
V= {adg”x |x e K} . By Proposition 2.0.4 there exists € € H(C(R), *) such that
eu=u forevery ue Vand Ann.(ld (V) =(1-¢) R. Thena=ea + (1 - ¢) a.

Clearly, by construction (1 - €) a is ad-nilpotent of index less than n in K: for
every xe K,ad(”;1 X = (1-€)ad] 'x =ad] 'x-ead] 'x =0.

Let us prove that ea is pure ad-nilpotent of index n in Skew(eR, *). For any
A € H(C(R), *) such that Aea # 0, Aea is ad-nilpotent of index n: clearly
ad]_, (Skew(e R,*) =0and if ad]_] (Skew(e R,*) = 0then A""e € Ann,(IdR(V))
= (1-"¢) R, which leads to a nilpotent ideal generated by the nonzero element
Aeq, a contradiction with the semiprimeness of R.

Apply now the induction hypothesis to (1 - €)a and the Lie algebra of
skew-symmetric elements Skew((1 - €)R, *). O

2.2 Ad-nilpotent elements of R-

In this section we are going to prove that every nilpotent inner derivation is
induced by a nilpotent element, generalizing to semiprime algebras Herstein's
result [42, Theorem in p. 84] for simple algebras. This result was already pro-
ved by Grzeszczuk ([38, Corollary 8]). Our techniques are rather elementary
and, by adding the hypothesis of pure ad-nilpotence, we can describe such
elements with less restrictions on the torsion of the algebra.

Lemma 2.2.1. Let R be a semiprime associative algebra and let a € R be a
nilpotent element. Suppose that there exist some A, € Z,i=0, ..., n, such that

i)ﬂd [x,y] a™'=0
i=0
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forallx, y € R. Then forevery i =0, ..., n we have \.a™") = 0. In particular,
each term in the identity above is zero.

Proof. First, let us suppose that R is prime and suppose that a # 0 has
index of nilpotence s. If the lemma is not satisfied, there exists some k with
A amextkn=kl £ Q. In particular, max(k,n - k) < s. Let us multiply the expression

7,40 [x,y Ja™ by @ on the left and by a*""¥ on the right, so that
0=qg°+* (z l,.CIi [X,y:'an—fjas1(ﬂk) :;Lkas_w [X,y]CIS_W
i=0

for every x,y € R. Hence A, a*"'xya*™' = A, a*"'yxa*~" for every x, y € R. Since ¢°'
# 0 for every x € R we have by Theorem 2.0.1 that there exists a, € C(R) such
that A,a*'x = a A, a°". Multiplying this last expression by a on the right we get
Aa'xa = 0 for every x € R. By primeness of R we get that either o> = 0 or
A0 =0, leading to a contradiction.

If Ris semiprime then R is a subdirect product of prime quotients R/ with n,
I,=0.Forany aand any i, by the prime case A g™ e | , so Agmin = Q.

O

Lemma 2.2.2. Every nilpotent element of an associative algebra R is

ad-nilpotent. If a has index of nilpotence t and index of ad-nilpotence n then n

< 2t - 1. If Ris semiprime then n = t, and if in addition R is free of ( j-torSIon
s

for s::{’%q, thent=sandn=2t-1.

Proof. Since @' = 0, for every x € R we have
2102t 1 IR ,
adit‘“ X = Z( . J(_,I)m 1 G,XOZt—1—I =0
i—0 I
because ifi< tthen 2t -1-i=s. Thereforen < 2t - 1.

Suppose now that R is semiprime and let us see that n = t: if on the contrary
t-1 oft-1 A R W
ad'x=Y| (—1) a'xa™ =0
i\ |

for every x € R, focusing on the first summand of this expression (( - 1) ' xat™")
we get that "= 0 by Lemma 2.2.1, a contradiction.
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CHAPTER 2. AD-NILPOTENT ELEMENTS IN AN ASSOCIATIVE ALGEBRA

n n-i :
Moreover, since for every x € R we have 0=ad" (X)zﬁfo( ,J(—1) a'xa™,
n .
again by Lemma 2.2.1 (n]aszo for s:= {HTH} If Ris free of (SJ -torsion
s
thena*=0sos =t ie., nz2t-1 andtherefore n =2t - 1(equivalently, t = s).

The next example shows that all possible cases in the lemma above can be
realized: Let p be an odd prime number and R a prime associative algebra with

p} then

a is ad-nilpotent of index p. In particular there are no ad-nilpotent elements
of index between p + Tand 2p - 1, and a nilpotent element of index p is ad-
nilpotent of the same index p.

p+1

characteristic p. If a € R is a nilpotent element of index te{

Proposition 2.2.3. [ et R be a prime associative algebra and let a € R be an
ad-nilpotent element of R- of index n. Let F denote the algebraic closure of
the field F := C(R) and R := R ® . Then:

1. There exists u € F such that a - u is a nilpotent element of R.

n . .
2. If Ris free of [ J—torsion for s= [HTH} then n is odd and the index of
s
nilpotence of a-— yisT+ . If in addition R is free of s-torsion then u € C(R).

Proof. (1) Since R is prime, F= C(R) is a field and R is a centrally closed prime
algebra (see [7, pp. 445-446]). From

O=adx :Zn:(ﬂ(—ﬂni a'xa™’

i=0

for every x € R we have, by Theorem 2.0.1, that a seen as an element of Ris
an algebraic element over [ of degree not greater than n. Let us consider the
minimal polynomial p(X) € F[X] of a. Let F be the algebraic closure of F and
let ..., 4, € F be the roots of p(X) in F, i.e., p(X) = (X = p)<" ... (X - p )< € F[X].

Let us prove that p(X) has only one root in F and therefore p(X) = (X - u)k e
F[X], whence a - u is nilpotent in R: Suppose on the contrary that p(X) has
different roots (..., 4, r > 1, and define g,(X) := p(X)/(X - p) for every i. Since
p(X) is the minimal polynomial of a, g,(a) # 0 in R. Note that (a - u)q,(a) =
p(a) = 0 and therefore aqg (a) = ug,(a). Now, since we are in the prime case,
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there exists y € R such that g,(a)yq,(a) # 0 and therefore ad (q,(a)yq,(a)) =
aq,(a)yq,(a) - g,(a)yq,(a)a = (u,-u,)q,(a)yq,(a) # 0. This means that g,(a)
yq,(a) is an eigenvector of the linear map ad, associated to the eigenvalue
K, - U, hence it is an eigenvector of ad? associated to (u, - u,)?, etc. This
is a contradiction because both g,(a)yq,(a) and each power of (u, - ) are
nonzero, while ad, is nilpotent. Therefore r =1, p(X) = (X - u)* € F[X] and
(0 -uwk=0.

(2) Let us consider b := a - i € R, which is ad-nilpotent of index n. Let us see
that n is odd: Suppose on the contrary that n = 2m. Then

O=ad’x=ad] x= Zn;m(—ﬂ”" bixb™

i=0

implies by Lemma 2.2.1 that (;Jb’%o and, since R is free of [:J—torsion,
n-1 n—1-i . )
that b™ = 0. Substituting in adg-u:zrg[ , j(—1) "'bixb™ we get that
- i

adg’1 x =0 for every x € R, a contradiction.

Therefore nis odd and a - u is nilpotent of R of index szznTJr1 by Lemma

2.2.2. Moreover, since the coefficient of degree s - 1of p(X) = (X - u)s € FIX]
is —su € F, if R is free of s-torsion then u € F, i.e., there exists u € C(R) such

]
that a - uis nilpotent of index S :nTH'

In the following theorem we get the description of the pure ad-nilpotent ele-
ments of R~. In its proof, Proposition 2.2.3 is primarily used to find that any

ad-nilpotent element a € R of index n forces [a,[adg” x,[adg’1 x,y]ﬂzo for

every x, y e R.If 2, 3, ..., r were invertible in R for rzn{g}ﬂ , this identity
would directly follow from the proof of [29, Theorem 2.3].

Theorem 2.2.4. Let R be a semiprime associative algebra, let R be its central
closure, and let a € R be a pure ad-nilpotent element of R~ of index n. Put

n+1

n . . .
— , and suppose that R is free of (Sj -torsion and s-torsion. Then n is

odd and there exists A € C(R) such that a - A € R is nilpotent of index HTH
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Proof. Let us suppose that R is a prime associative algebra and, without loss of
generality, that it is centrally closed. Consider u € C(R) as given by Proposition

2.2.3. Putting b := a - u, we know that bs = 0 for s:= n_+1’ hence for every x,
y € R we have 2

(adg’1x)(adg’1x) :(adg”x)(adg”x):o,and
[a,{adg”x,[ad;”x,ym:[b,[adg‘1x,[adg‘1x,ym

—2[ n —1 ][ ”—1 ][b,b“xb“yb“xb“]:o.
S— S—

If R is semiprime, R is a subdirect product of prime associative algebras

. n ) . . .
(without ( j and s-torsion) and in any of these prime quotients
S

W:() and [G,[adﬁX,[adg”x,ym:O'
which imply that

(adZJx)(adZJX):O, and [a:[adZJX'{adZJX’ymzo
for every x,y € R. For every x € R, let z,_:=ad!"'x . By the identity above,

O:%[a,[zx,[zx,y]ﬂz—azxyzx +2,yz,0.

Therefore, since Id,(z a) c Id.(z,), by Corollary 2.0.3 there exists A, € C(R)
such that z a = A z_and by Proposition 2.0.4 there exists €, € C(R) such that
€,z =2z and Ann,(ld.(z)) = (1 - € )R. Therefore

0 =Zxad2y=ZX [i[7J(_1)nl a,-yani]:i[r’?J(_,l)ni Zxaiyan—i

i=0 i=0

i=0

-

I
o

for every y € R, whence (a — A )" € Ann,(ld,(z)). So € (0 — A )" = 0. Now,
for every x, x' € R there exist A A, € C(R) and idempotents €, € , € C(R)
suchthat0 = (e e 0 —ee AN)"=(ce0—eeA), sOeec A =¢€ec A, 6 by

Lemma 1.3.3. By Lemma 2.0.5 there exists A € C(R) such that e A =€ A_for
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every x € R. ThenforeveryxeRwehavez(a—)\)”—ez(a— J"=0,s
O=e¢, zadly=zy(a- /l) for every y € R thus (@ — A)" eAnn( ( ) (se

1.2.1). Moreover n_, Ann, (IdR (zx))=AnnR(IdR(adg’1(R))) by definition of z,
and AnnR(IdR(adg’1(R)))=AnnR(ldR (a)) because a'is pure (Lemma 2.1.2((ii)).

Finally, let e € C(R) be such that ea = a and Ann,(ld (a)) = (1 — €)R. Then
e(la—MN)"=(a— e\)" = 0 because it is contained in (1— ¢)R.

Hence a — eA is nilpotent in addition to being ad-nilpotent of index n. Put
. n o .
S:= {HTH} and take any prime quotient without s and (s] -torsion in which

a-e A is still ad-nilpotent of index n. By Proposition 2.2.3(2) we get that n

must be odd and a—e A is nilpotent of index s. Since in any prime quotient

(a-< ),)S =0 by Proposition 2.2.3(2), we have that s is the index of nilpotence
of a — eA. ]

Lee's description of ad-nilpotent elements of R is recovered when the hypo-
thesis of being pure is removed.

Corollary 2.2.5. ([54, Theorem 1.3]) Let R be a semiprime associative algebra,
let R be its central closure, let a € R be an ad-nilpotent element of R- of index

n, and suppose that R is free of n'-torsion. Then n is odd and there exists \ €

C(R) suchthata— AN e R is nilpotent of index nTH

Proof. Suppose without loss of generality that R is centrally closed, i.e., R = R.
By Proposition 2.1.4 there exists a family of orthogonal idempotents
{e ,}I_k_ <C(R) such that a=2¥, €, a with ea a pure ad-nilpotent element of
indexn, (n=n,>n, > ) of Re, Then by Theorem 2.2.4 there exists A, ¢ C(Re)

c C(R) such that (ea — )% = 0 for S, {H’—H} and foralli=1,..., k. Hence
A=3" e A satisfies the claim. 2 U
Interesting Lie algebras associated to simple associative algebras R are the
quotient algebras [R, RI/([R, Rl () Z( R)), which are simple unless R has 2-
torsion and is 4-dimensional over its center ([44, Theorem 1.13]). Let us study
ad-nilpotent elements in these associative algebras.
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Lemma 2.2.6. ([23, Lemma 4.6]) Let R be a semiprime associative algebra
and let a € R be such that ad] (R)=Z(R). Then ad] (R)=0.

Proof. For every x € R we have

O:[adg (XCI),XJ:[(adZX)O,XJ:(adZX)[O,XJ.
Therefore 0 =ad"” ((adgx)[a,xJ) :(adgx)2 which implies, since R is semiprime
and ad]xeZ(R), that ad]x=0.

Lemma 2.2.7. Let R be a semiprime associative algebra, let L :=[R, R]/([R, R]
(N Z(R)) and leta :=a + ([R, R1 () Z(R)) € L be an ad-nilpotent element of L of
index n. Then a is an ad-nilpotent element of index n in R-.

Proof. For every xeR,ad”'x=ad" ([a,x])eadg ([R,R])cZ(R) so, by Lemma
2.2.6, adg+1 x =0 forevery x € R, i.e., ais ad-nilpotent in R~ of indexnorn + 1.

Let us suppose that R is prime. Then, by Proposition 2.2.3, there exists u € F,
the algebraic closure of F:= C(R), such that a — i is nilpotent in R ® F of some
index s. Moreover, by Lemma 2.2.2, s <n + 1. Putb:=a—u Then

0=ac sy e )3 7 |- e

i=o |
for every x, y € R. By Lemma 2.2.1, for every ke{on,...,{”%q} we have

(anmax(k,n—k) -0 e,
k

adZX:adZX:Zn:UJ(—UM bixb™ =0,
i=0

i.e., ais an ad-nilpotent element of R of index n.

Finally, since a is ad-nilpotent of index not greater than n in any prime quo-
tient, a is an ad-nilpotent element of R of index n when R is semiprime. [

In particular, from these last two lemmas we get that if R is semiprime then

[R, RI/([R, RInZ(R)) and R/Z(R) are nondegenerate Lie algebras (see [44,
Sublemma in p. 5]).
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Corollary 2.2.8. Let R be a semiprime associative algebra, let R be its central
closure, and let L := [R,RI/(IR,RInZ (R)) or L :=R/Z (R).If @ € L is an ad-
nilpotent element of L of index n and R is free of n!-torsion, then n is odd and
there exists \ € C(R) such that a — A € R is nilpotent of index 1+ .

2
Proof. If L = [R, RI/(IR, R] n Z(R)) the result follows by Lemma 2.2.7 and

Corollary 2.2.5. If L = R/Z(R) the result follows by Lemma 2.2.6 and Corollary
2.2.5. 0

2.3 Ad-nilpotent elements of K

In this section we focus on semiprime algebras R with involution * and their
set of skew-symmetric elements K. As in the previous section, we will first
describe the pure ad-nilpotent elements of K, and then remove the hypothesis
of being pure by decomposing each ad-nilpotent element into a sum of pure
ad-nilpotent elements of decreasing indices.

The following lemma collects some results about *-identities. Item (1) is [44,
Remark on p. 43] (with a different proof), item (2) is a generalization of [56,
Lemma 5], and item (3) is a generalization of [13, Lemma 5.2].

Lemma 2.3.1. Let R be a semiprime associative algebra with involution * Let
k e Kand h € H. Then:

1. kKk = 0 implies k = 0.

2. hKh = 0implies hRh c H(C(R), *)h. In particular, R satisfies
hxhyh = hyhxh for every x,y € R,
and if 1d.(h) is essential then Skew(C(R), *) = 0.

3. hKh =0 and hKk = 0 imply hRk = 0. In particular, if Id_(h) is essential
then k = 0, while if h e Id.(k) then h = 0 (resp. if k € Id(h) then k = 0).

4. Kk[K, Klk =0 and k? =0 imply k = 0.

Proof. We can suppose without loss of generality that R = R, i.e., R is centrally
closed.

(1) Take x e R. Note that k(x — x*)k = 0, so that kxk = kx*k. Then

k(xkx)k = k(xkx)*k = —kx*kx*k = —(kx*k)x*k = —kxkx*k
= —kx(kx*k) = —kxkxk
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and so we have kxkxk = 0 since R is free of 2-torsion. Therefore kxkxkyk = O
for every y e R, hence

0 = —kxk(xky)k = —kxk(xky)*k = kxky*kx*k = kxkykxk,

so (kxk)R(kxk) = 0 and kxk = O since R is semiprime. Now kRk = O implies,
again by semiprimeness, that k = 0.

(2) If h = 0 then the claim is trivially fulfilled, so assume h # 0. Take x, y € R.
Note that h(x — x*)h = 0 and therefore hxh = hx*h. Then

0 = h(xhy — (xhy)*)h = hxhyh — hy*hx*h = hxhyh — (hy*h)x*h =
= hxhyh — hy(hx*h) = hxhyh — hyhxh = (hxh)yh — hy(hxh),

i.e., hxhyh = hyhxh. By Corollary 2.0.3, since h # 0 and Id_(hxh) C Id_(h), for
each x € R there exists u, €C(R) such that hxh= _h Hence 0 # hRh c C(R)h.
Moreover, since hx * h=hxh,2hxh=hxh+hx*h=(g, + u;)heH(C(R),*)h, , so
hRh € H(C(R), *)h.

Let us suppose that Id,(h) is essential in R and let us show that Skew(C(R), *)
= 0: Take A € Skew(C(R), *) and y € R. Then (Ah)y(Ah) = Nh(yAh = A, h
€ K for some p,, € H(C(R), *). On the other hand (Ah)y(Ah) = A*hyh = \? h'e
H for some i, € H(C(R), *). Therefore (Ah)y(Ah) = O for every y € R, and by
semiprimeness of R, Ah =0, so A = 0 because Id,(h) is essential.

(3) Suppose first that R is *-prime and, without loss of generality, that it is
centrally closed. If R is not prime then there is A € Skew(C(R), *) such that
R =K + AK (see 1.3.2), hence hkh = 0 implies hRh = 0 and h = 0 since R is
semiprime, so trivially hRk = 0. Now assume R is prime. Since R=H + K we
only need to show that hHk = 0. Letx e Hand y € R. Then

0 = h(xky — (xky)*)h = hxkyh + hy*kxh = hxkyh + hykxh

since h(y* — y)k = O for every y € R. By Corollary 2.0.3, since Id,(hxk) c Id(h),
for each x € R there exists u, € C(R) such that hxk = u h. If u = 0 then hxk =0
and we are done. Otherwise, O =hxkxk=pu hxk=yu’h, hence h =0 and we are
also done.

Suppose now that R is semiprime. Then there exists a family of *-prime ideals
{I Jael such thatn,g, I, = 0. In each *-prime quotient R//, we have AR/l k =

0, so hRk c | for all a, hence hRk = 0.

(4) Since k2 = 0 and k[K, K]k = 0, for all X, y € K we get
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0 = K[[x, k], ylk = kxkyk + kykxk, (a)

thus kxkyk = —kykxk and 2kxkxk = O for all x € K, hence kxkxk = 0 since R is
free of 2-torsion. Now, by (a),

0 = (kxkxk)yk = kx(kxkyk) = —kxkykxk

forall x, y € K. Thus (kxk)K(kxk) = 0 for all x € K, kkk = 0 and k = 0 by item (1)
applied twice. O

Remark 2.3.2. Let R be a semiprime associative algebra with involution. If a

€ K'is an ad-nilpotent element of K of index n, then for every x = x, + x, € R
with x, € Hand x, € K:

ad] (ax + xa)=ad] (ax, + x,a)+ad] (ax, + x,0)

=qad! (Xk ) +ad’ (xk )a +ad’ (axh + XhCI) =0,

since ax, + x,a € K. On the other hand, expanding this expression,

0=ad] (ax +xa)=(-1) xa"™" + i[(?j - [i " JJ(—UM a'xa™" +a™x.
i=1 -

Observe that a nilpotent element in K is ad-nilpotent of both K and R, but its
index of ad-nilpotence in R may be higher than the one found in K.

In the following proposition we describe the ad-nilpotent elements of K of
index n that are already nilpotent of certain index s. The description depends
on the equivalence class of the index of ad-nilpotence modulo 4 and relates
the index of nilpotence to the index of ad-nilpotence.

Proposition 2.3.3. Let R be a semiprime associative algebra with involution

* let R be its central closure, and let a € K be a nilpotent element of index
of nilpotence t. Then a is ad-nilpotent in R. If the index of ad-nilpotence of a

in K'is n and R is free of (gj -torsion for s:{’%q , then:

1.Ifn=,0thent=s+1and a°Ka* = 0.
2.lf n=,1then t = s and the index of ad-nilpotence of a in R is also n.

3. The case n =, 2 is not possible.
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4.If n =, 3 then there exists an idempotent e € C(R) such that ea® = a°. Moreo-
ver, when we write a = ea + (1— €)a, we have:

(47 If0+eaeR then ea is nilpotent of index s + 1, ea® = a° generates an
essential ideal in eR. and (ea)*—'k(eqa)® = (ea)°k(ea)*~" for every k € Skew(R, *).

(4.2) If 0 # (1— €)a € R, then the index of ad-nilpotence of (1— e)ain R is
not greater than n, and (1— €)as = 0.

Furthermore, if ais a pure ad-nilpotent element of K then in (2) and in (4.2) we
obtain pure ad-nilpotent elements of R (respectively of R) of index n.

Proof. Let us suppose without loss of generality that R = R, i.e., R is centrally
closed.

Let a € K be a nilpotent element of index of nilpotence t. Then a is ad-nilpo-
tent of K of a certain index n. If we apply Lemma 2.2.1 to the second formula
obtained in Remark 2.3.2 we get that all the monomials appearing in it are
zero. We will now focus on certain monomials depending on the parity of n.
o If niseven, n = 2s. Let us see thatt = s + 1: on the one hand, forany x € R

we know that
[(nj _( i JJ(_1)S @ =0
s s-1

and, since o n is a divisor of 2 n and R is free of 2 n -torsion,
s-—1 s-2 S S

we have that axas*' = 0 for all x. Therefore a**' = 0 by semiprimeness, hence t <
s + 1. On the other hand, if t = s then a° = 0 and ad*”’ (R) =0x , a contradiction.

Let us see that n =, 0: For any k € K,

2s

0 =ad§s (k) _ zzs(ziSJ(—1)25i a'ka? =( . J(_,I)S a*ka®,
i=1

so o kas = 0 for every k € K, which implies that s has to be even, since
otherwise a° € K and a° Ka® = 0 imply a° = 0 by Lemma 2.3.1(1), a contradiction.
We have shown that, if nis even, n =, 2 is not possible.

o If nisodd, n=2s—1, and forany x € R,

(om0
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Since oy n is a divisor of 2 n and R is free of 2 n -torsion, we
s-1 s-2 S 5

have that as-'xas*' = O for all x. Therefore as*' = 0 by semiprimeness, hencet<s
+1.0n the other hand t > s — 1since otherwise ad?* (R) =0, a contradiction.

If a° = 0 then g is already an ad-nilpotent element of R of index n. In this case
n=,1orn=,3by Proposition 2.2.3(2). Furthermore, if a is pure in K then a is
pure in R by Lemma 2.1.3.

Suppose from now on that ° # 0. Let us show that n =, 3. By Proposition 2.0.4
there exists an idempotent e € H(C(R), *) such that ea* = a* and Ann,(ld (a®))
= (1— €)R (so a° = ea° generates an essential ideal in eR). Notice that ea # 0
(otherwise 0 = (eqa)® = ea® = a°, a contradiction). For every k € K we have

O=ad’ k= Zm () caka™ -
- (sn 1}(—1)5 cea*'ka® + {ZJ(J)“ ca’ka® =

- (2](—1)“ (— e a*'ka*+ e a°ka®! )

n .

Since R has no [ j—torsmn, ea’'ka® = easkas™" for every k € K. Moreover,
S

multiplying by a on the right we get ea’ka® = askas = 0, so a*Ka* = O, which

by Lemma 2.3.1(1) is only possible if a° # 0 is symmetric, hence s is even and
n=,3.

If (1 — e)a # 0 then ad ), (R)=0 and (1— e)a is an ad-nilpotent element of
R of index not greater than 2s — 1.

If ais a pure ad-nilpotent element of index n in K then (1— €)a is ad-nilpotent
of K of index n and therefore (1— €)as—" # 0. From this the index of ad-nilpo-
tence of (1—e€)ain Rmustbe n=2s—1. Then by Lemma 2.1.3 (1—¢€)ais a
pure ad-nilpotent element of R of index n. ]

Remark 2.3.4. Let a € K be a nilpotent element of index t. If we denote its index
of ad-nilpotence in K by n, we obtain from Proposition 2.3.3 that, under the
n+1 n+3

right torsion hypothesis, 2t-3<n<2t-1 and Tsts 5
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The next two results can be joint in one, but in order to clarify our proof we
have decided split them in two. Firstly, in the next proposition we prove that a
pure ad-nilpotent element of K can be descomposed into two parts, where one
part is ad-nilpotent of R and the other part is nilpotent. After that, in Theorem
2.3.6, we apply Proposition 2.3.3 to obtain the classification of a pure ad-nil-
potent element of K depending on its index of ad-nilpotence modulo 4.

Proposition 2.3.5. L et R be a semiprime associative algebra with involution
* let R be its central closure, and let a € K be a pure ad-nilpotent element of
K of index n > 1. Then:

(1) There exists an idempotent e € H(C(R), *) such that (1— €)a is an ad-
nilpotent n element of R of index < n and ea is nilpotent with ad:@(R)i 0
for every u e C(R) such that pea # 0.

o . ) . n .
(2) Moreover, if a is pure ad-nilpotent in K and R is free of ( J-tors:on and
t-torsion for s:{%ﬂ] when we write a = ea + (1— €)a we have:
(2.1) If ea # O then ea is nilpotent of index s + 1.

(2.2) If (1—e)a # 0 then (1— €)a is pure ad-nilpotent in R of index n.
In this case n is odd and there exists N € Skew(C(R), *) such that
(M—e)a—N)s=0.

Proof. Notice that n = 3 since adf, (K): 0 implies a € Z(R) by [27, Corollary 4.8]
and so ad,_(K) = 0, which is not possible because n > 1 by hypothesis.

(1) Let us suppose first that R is a *-prime associative algebra and, without
loss of generality, that it is centrally closed.

(1.2) Case 1: ad] (R)=0 and we get the claim for the idempotent e = 0.

(1.b) Case 2: ad] (R)=0 implies that there are no nonzero skew elements
A in C(R), since otherwise (by 1.3.2) R = K + AK would imply ad (R&:O; in
particular R is prime. Since ad] K):O, by the second formula of Remark
2.3.2 and Corollary 2.0.3, a is an algebraic element of R over the field
F:= C(R). Let us consider the minimal polynomial p(X) € F[X] of a. Let F be
the algebraic closure of C(R) and let ..., 1, € F such that p(X) = (X — )% ...
(X — % Let g,(X) := p(X)/(X — ), so q, (a)a = p,g,(a). Now, for any x €
R® F,
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0=ad] (ax +xa)q,(a)
n(n

Ny afxanfq1(a)+_io(fj(_1)”" dxaag,(a)

izo\ ! i

=0, : (—1)“4 d'w'xq,(a)+ [7 (<) o pxa, (a)
=a(a-u) xq,(a)+(a-u) uxq,(0)=(a-u) (a+n)xq,(a)

and therefore, since R ® F is a centrally closed prime algebra (see [7, pp. 445-
446]), (a —p,) (a + ) = 0. If u, = 0 then a is nilpotent of index at most n + 1.
If u, # 0, since the involution is the identity over C(R) because Skew(C(R), *)
=0, itextendsto R® Fvia (r® A)* :=r* @ \, hence 0 = ((a — p,)")*(a + u,)*
= (a* —w)"(a* + u,) = (—a — p)"(—a + u,) implies (a + w,)"(a — u,) = 0. From
the conditions (a — w)"(a + ;) = 0 and (a + u,)"(a — “42 = 0 we obtain p(X)
= (X —w)(X + ). Thus @*=p?, but then ead](x)=ad}" for every k € K, a
contradiction with n = 3.

Let us study the semiprime case, and suppose without loss of generality that
R is centrally closed: If a is already ad-nilpotent in R of index n, take e = 0
and the claim holds. Suppose from now on that adg(R);tO . By Proposition

2.0.4 let e € H(C(R), *) be an idempotent such that ead] (x)=ad](x) for
every X e R, Ann, (IdR(adg (R))):(1— e)R and AnnC(R) (adg (R))=(1— e)C(R).Then
ad(, ,, (R)=(1-e)ad}(R)=0.

Let us study the element ea: First notice that adZEaR;tO for every u
such that pea # 0, since otherwise pead;(R)=ad] R=0 implies pe €
Annc(R)(adj(R))z(L €)C(R) = (1 — €)C(R) and hence pe = 0, a contra-
diction. Let us see that € a is nilpotent. Since R is semiprime, the inter-
section of all *-prime ideals of R is zero. Consider the essential *-ideal
S::IdR(adg(R))@AnnR(ldR (adt (R))):IdR (ad?(R))®(1-€)R . Let us consider
the families

A, ::{l <1*R|R/l/s*—primeand8<zl}

and
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A, :={l < R|R/Iis*—primeandScl}

Since S cn,,,/and Sis essential, n_,, / = 0 and R is a subdirect product of R/
with | € A,. Let us see that in any *-prime quotient ea is nilpotent of index not
greater than n + 1. Take | € A, and consider R := R/I. We may have two cases:

«lfe=0then ca =0.

«Ife£0thene =1 R/ and E:6, so (1 - €)R c I. Moreover,

adi(R/l);tC_) since otherwise adi(R/l):C_) would imply S c |/,
ea ea
a contradiction. Let us see that R/l is prime: if R/l is *-prime and not prime
there would exist a nonzero skew element A in C(R/l), which implies that
R/l = Skew(R/I, *) @ ASkew(R/I, *) (see 1.3.2), so

ad—""(R/l)=ad—"(Skew(R/1,*)®2Skew(R//,*))=0 a contradiction. So
ca ca
R/l is a prime algebra with involution and ad%(R/l)):t@ which implies,
S
by the case (1.b), that cais nilpotent of index not greater than n + 1.
In conclusion, for any I € A, we have ea™" e | and therefore ea™' = 0.

(2) Suppose now that a is a pure element of K of index n and R is free of

Z(nj -torsion and free of s-torsion for s:= FT”} . If a'is already ad-nilpotent
s

of R of index n then a is pure in R by Lemma 2.1.3 and we can use Theorem
2.2.4 to find that n is odd and there exists A € Skew(C(R), *) such that (a -
A)s = 0. Otherwise write a = e a + (1 - €)a as before. Since «a is nilpotent and
ad-nilpotent of K of index n (because we are assuming that a is pure in K),
ea is nilpotent of index s + 1 (it has index s or s + 1 by Proposition 2.3.3, but
ad” (R)=0). Moreover, (1 - €)a is a pure ad-nilpotent element of R of index
n (if it is nonzero, its index of ad-nilpotence cannot be lower than n since (1
- €)a is ad-nilpotent in K of index n), and we can apply Theorem 2.2.4 and
Lemma 1.3.3 to get that n is odd and there exists A € Skew(C(R), *) such that
(M-¢e)a-A)ps=0.

Theorem 2.3.6. Let R be a semiprime associative algebra with involution *,
let R be its central closure, and let a € K be a pure ad-nilpotent element of K

, . n . ,
of index n > 1. If Ris free of [ ]—tors:on and s-torsion for s:= {HTH} then:
s
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1 Ifn=*0thenas"# 0, a° # 0 and a°Ka® = 0. Moreover, there exists an
idempotent e € H(C(R), *) such that ea = a and the ideal generated by
as is essential in €R. In addition eR satisfies the GPI asxasya® = asyasxa®
for every x,y € eR.

2. If n=,1then there exists A € Skew(C(R), *) such that (a - A)* =0 (ais an
ad-nilpotent element of R of index n).

3. Itis not possible that n =, 2.

4. If n=, 3 then there exists an idempotent e € H(C(R), *) making a = ea +
(1 - €)a e R such that:

(4.1) If ea # 0 then ea*"' = 0, ea® # 0 and ea‘kea*™" = ea*"'kea® for every k
e Skew(R, *). The ideal generated by o is essential in eR and eR
satisfies the GPI a’xasya® = asyasxas® for every X,y € eR.

(4.2) If (1 - €)a # O then there exists A € Skew(C(R), *) such that ((1 - €)
a-A)*=0((1-e)ais apure ad-nilpotent element of R of index n).

In particular, for all n > 1 there exists A € Skew(C(R), *) such that (a - A)s"" =
0, (a-A)"#£0.

Proof. We can suppose without loss of generality that R = R, i.e., R is centrally
closed. By Proposition 2.3.5 there exists an idempotent e € H(C(R), *) such that
ead)x =ad)x for every x € R and Ann_(Id, (ade(R))) = (1 - €)R, and moreover:

o Ifea # 0, itis nilpotent of index s + 1and ad-nilpotent of K of index n. By
Proposition 2.3.3 this may happen if either n =, O, in which case a**' = 0,
a°# 0, a’Ka* = 0 and (1 - €)a = 0 (because (1 - €)a is ad-nilpotent of R
and its index cannot be even), or n =, 3. The case n =, 1is not possible
because ea® # 0.

o If (1-€)a#0then (1 - €)ais apure ad-nilpotent element of R, n is odd
and there exists A € Skew(R, *) with ((1 - €)a = A)* = 0. By Proposition
2.3.3 this may happen if either n =, 1 (in this case ea =0) orn =, 3. The
decomposition (1 - €)a - A = a, + a, given by Proposition 2.3.3(4) occurs
with a, = 0 since otherwise the index s + 1 of a, would contradict ((1 - €)
a-ANs=0.

In the particular case of n =, 3 with ea # 0O, the idempotent ex produced in
Proposition 2.3.3(4) for the nilpotent element eq satisfies e,ea_ = eas, so (1 - &)
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c e Ann, (IdR(adg (R))) = (1- €)R, thus e1 € = € and ea® = «1ea® generates an

essential ideal in €R. On the other hand, we know from Proposition 2.3.5 that
(ea)s" k(ea)® = (ea)k(ea)s" for every k € K; in particular (ea)*K(ea)s = 0. There-
fore, by Lemma 2.3.1(2) the identity

asxasyas = a°yasxas
holds in eR.

In the particular case of n =, 0 the idempotent e produced in Proposition 2.3.5
satisfies ea®xa® = ea® for every x € R and Ann,ld (a*Ra*) = (1 - €)R. On the other

hand, (1 - €)a must be zero because ad<n1{>a(R> =0and ais a pure ad-nilpotent

element (so a = eq). Therefore, the ideal generated by a® in R is essential in
€R and the identity a°xasyas = asyasxas holds in eR by Lemma 2.3.1(2).

Remark 2.3.7. Itis worth noting that in the semiprime case, when n =, 3 there
can exist elements a with two nonzero parts ea and (1 - €)a behaving as in
Theorem 2.3.6(4.1) and Theorem 2.3.6(4.2). This is no longer true in the prime
case, see [56, Main Theorem].

In the next corollary we recover T.K. Lee's main result by taking into account
that every ad-nilpotent element can be expressed as a sum of pure ad-nilpo-
tent elements of decreasing indices.

Corollary 2.3.8. ([54, Theorem 1.5]) Let R be a semiprime associative alge-
bra with involution * and free of n!-torsion, let R be its central closure, and
let a € K be an ad-nilpotent element of K of index n. Then there exist \ €
Skew(C(R), *) and an idempotent e € H(C(R), *) such that (ea — \)s*' =

0 and (ea —AN)s'+£ 0 for s: _[ ;1} and (1— e)R is a Pl-algebra satisfying
the standard identity S4.

Proof. We can suppose without loss of generality that R = R, i.e., R is centrally
closed. By Proposition 2.1.4 there exists a family of orthogonal symmetric

idempotents {e “ of the extended centroid such that a= ¥, € a, with €eqda
pure ad- nllpotent “element of index ni (n=n,>n,>..)of Skew (eR *). 1t n,

1then €,a can be decomposed as €,a =€,.0 + (1—e,)a, where ¢ a € Z(R) and
(1—e, )R is a Pl-algebra sat|sfy|ng the standard identity Sa by [13, Theorem
4.2(i),(ii) and (*)]. The claim follows now from Theorem 2.3.6. O
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Let us extend this last result to Lie algebras of the form K/(K n Z(R)) and [K,K]/
(IK.KI n Z(R)).

Corollary 2.3.9. Let R be a semiprime associative algebra with involution free
of nl- torsion, let R be its central closure, and consider the Lie algebra L =K/
(K n Z(R)). If a is an ad-nilpotent element of L of index n then there exist A €
Skew(C(R), *) and an idempotent e € H(C(R), *) such that (ea — A\)**' = 0 and

(ea —MN)*"# 0 for s:= [HTH} , and (1— e)Ris a Pl-algebra that satisfying the

standard identity Sa.

Proof. Let us prove that ad” (K) c Z(R) implies ad" (K) = 0: Suppose first that
R is *-prime and, without loss of generality, centrally closed. If ad] K);tO,
there would exist O;t),eadg(K)ﬁZ(R) ,s0 R =K + AK by 1.3.2 and hence
ad] (R)< Z(R), which implies by Lemma 2.2.6 that ad] (R)=0, a contradic-
tion. The same result follows for semiprime algebras because they can be
expressed as subdirects product of *-prime quotients.

The claim follows now from Corollary 2.3.8.

Now we turn to Lie algebras of the form [K, KI/([K, K] n Z(R)). We first need a
technical lemma.

Lemma 2.3.10. Let R be a semiprime associative algebra with involution *
and a € K be such that ad" ([KK]) cZ(R), n>1.If Ris free of (n + 1)!-torsion
then ad" (K) = 0.

Proof. Let us first suppose that R is a *-prime associative algebra and, without
loss of generality, that it is centrally closed. If Skew(C(R), *) # Othen R =K +
AK for any 0 # A € Skew(C(R), *) (see 1.3.2); thus adg([R,R éc Z(R), and by
Lemma 2.2.7 a is an ad-nilpotent element of R of index n.”Otherwise Skew
(C(R), *) = 0, in which case R must be prime and K n Z(R) = 0, so ad"_([K, KI)
= 0. From ad’"'K cad] EK,K] =0 and Skew(C(R), *) = 0 we get from Propo-
sition 2.3.5 that a is a nilpotent element of R. Let t be its index of nilpotence.
If ad’k =0 we are done; suppose it is not and let us compare the index of
ad-nilpotence of a in K with its index of nilpotence t (see Proposition 2.3.3) to
get a contradiction:

(@) If n + 1=, 0 then t:% and a"'Ka*"' = 0. From [t nz]:(th we get,

af n
for every x € R, that ad’x :(—1)t 1 (a“xa"1 —a“xa*‘z) . Then, for every
k keK, t-2
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2(adik )k’ (ad7k) =

n

_9 n n (Gf—Qkat—'lkIGt—Qkat—'l + Gr-wkaz-zk'at-%or-z)
t-2\t-2
L

:2 n
t-2

n
i) otk (Gr-zk/om _at'k'gt2 )kor-z _
t-2)\t-2

JGIZI( (Ot—1krat—2 _ at—Zkrat—1 )kat—1 +

S

= 2(—1)“2 (t TZJ(a”adi (adgk’)aH ~a"ad? (adgk')cf’2 ) =

~ad] (ad? (ad’k')) ead; ([K K ]) =0
because ad’k =0=(ad’k)a,a"'Ka"™" =0 and t = 3 implies a' *2 = 0. Therefore
(adgk)K(adgk):O and hence ad’k =0 for every k € K by Lemma 2.3.1(1).

(b) If n + 1=4 1then t="41 For every x € R, ade:(—1)”( n ]a‘”xa“.
Then, for every k, k' € K, t-1

2(ad1k k' (adk) = 2(: J{tﬁ Ja“/<c7f-1/<'<f4/<cf-1 -

_ n n t-1 N2 [ At=TrAt=T) At=1
_(t—J(t—Ja adk(a k'a )a =

~ad] (ad (ad’k)) e ad] ([K,K ) =0

because at'at' = 0. Therefore (adgk)K(adgk) =0 and hence ad’ =0 for every
k € K by Lemma 2.3.1(1).

(c) The case n + 1=, 2 is not possible.

(d) If n + 1=, 3 then, by primeness of R, either t =g+2 and at%kat" = a'kat? for
every k € K (case (4.1) in Theorem 2.3.6) or t sg+ 1 (case (4.2) in Theorem 2.3.6).
(d.1) Suppose t=242 and at%kat" = at'kat? (1) for every k € K. For conve-
nience write a = t’jg],ﬁ:: (tTZJ and observe that a # B (since n # 2t - 5).

For every k, k' € K we have
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0=ad] ([k.K]) = a0 [k,K'|a"" = Ba 2 kK |a + o[k K[ 0. (2)

Multiplying on the left by a and applying (1) to the second term afterwards,
0= aad) ([kK'])= @a?[kK']a"" ~ Ba~'[k.k'|a"? =
— aqt? [k,K’]CIH _ﬁatfz[k'k/}am _ ((X—ﬁ)dtiz [k,k’]GH,

which gives a—2[k, k']la"" = 0 (3) since R is free of (a — B)-torsion. Now we
study two separate cases:

If n=2thent=3anda € K satisfies ad3(K) =0 and a # 0, a® = 0, so it is a Cli-
fford element (see [10]). Since R is free of 2, 3-torsion there is a twin element b
€ K of a such that aba = a and a?b?a? = a? ([10, p. 289 and Proposition 3.7(6)]).
Then, by (3),
0 = a[[b, a], bla? = 2(aba)ba? - a?b?a? - ab?a® = 2aba? - 0% = a2,

a contradiction.
Ifn>2thenn=6andt=5,s02t-4>tand (a2)2 = 0. We see that

at?lk, k' Jat?[k,, k' Jat?[k, k' ]Jat? =0 (4)
for every k, k', k,, k', € K: from (2) we can write Ba"?[k,, k',]a"? as a linear
combination of at™'[k, k']at™3 and at™3[k, k']at™", so (4) follows since R is free of
B-torsion and a2k, k']Ja""' = 0 = a''[k,, k' ]a"2 by (3) and (1). Since for each
k, k', e Kwe have that b := a"?[k,, k"]a"? € K'is such that b? = 0 and b[K, K]b
= 0 by (4), by Lemma 2.3.1(4) we get b = 0 for each k, k', € K, so a'2[K, K]a'™?

=0, and a2 = 0 again by Lemma 2.3.1(4), a contradiction.

(d.2) Suppose t§g+1. In this case, the proof follows as in (b):

n n n n
ad)x=(-1)?| n |a®xa? for every (adlk)K (adJk)=0 and hence adk =0 for
2

every k € K by Lemma 2.3.1(1).

In any case ad] K):O. Finally, the semiprime case follows because R is a
subdirect product of *-prime associative algebras. ]
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From this lemma and Corollary 2.3.8 we get:

Corollary 2.3.11. Let R be a semiprime associative algebra with involution
x, let R be its central closure, and consider the Lie algebra L := [K, K]/(Z(R)
n [K, K1). If a is an ad-nilpotent element of L of index n > 1and R is free of
(n + 1)!-torsion then there exist A € Skew(C(R), *) and an idempotent e
H(C(R), *) such that (ea - N\)**"= 0 and (ea - \)*" # O for s:=[n7+1} and

(1 - €)R is a Pl-algebra satisfying the standard identity S,
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