CHAPTERS5. LOCAL SUPERALGEBRA OF
LIE SUPERALGEBRAS AT AD-NILPOTENT
ELEMENTS

This chapter is part of an article that has been published in the journal Com-
munications in Algebra and can be found in [30].

In this chapter we extend the ideas of local algebras of Jordan algebras to the
super setting, and Jordan superstructures are attached to Lie superalgebras
at ad-nilpotent homogeneous elements.

We also generalize in the section 6.3 the notion of subquotient to the Lie
superalgebra. It comes attached to an abelian Lie inner ideal of a Lie superal-
gebra, and it is indeed a Jordan superpair. Moreover, in the particular case of
an abelian inner ideal of the form [a, [a, L]], the subquotient agrees with the
Jordan superobject obtained in the section 6.2.

The chapter is organized as follows. When a is even, we easily obtain a Jordan
superalgebra by using the Grassmann envelope. But when we deal with an
odd ad-nilpotent element a of index less than or equal to 4 we first define a
triple productin [a, [a, L]], and then we double this triple and change a sign in
one of the associated triple products to get a Jordan superpair. We introduce
subquotients associated to abelian inner ideals of Lie superalgebras and show
that they are Jordan superpairs.

Finally, we show that the Jordan superalgebras/superpairs obtained in the
previous section agree with the subquotients associated to abelian inner ideals
of the form [a, [a,L]].

In addition, we will assume that 3 €EO.
5.0.1. Let M = M, @ M, be a supermodule over ® . Then the associative algebra
End(M) is provided with the induced Z,-grading End(M) = End(M), & End(M),,
in which

End(M), = {f € End(M) [ f(M) c M, }.
LetL = L, ® L, be a Lie superalgebra over @ then End(L) becomes an associa-
tive superalgebra and (End(L))- with product [f, g] = fg - (-1)llelgf for homo-

geneous elements f, g € End(L) becomes a Lie superalgebra. The set ad L of
adjoint maps is a Lie superideal of (End(L))", so if we denote by capital letters
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the adjoint maps associated to elements, i.e., A = ad, B = ad,, etc., we have
[A, B] = AB - (-1)llbIBA for homogeneous elements a, b € L, U L. This notation
will be useful because it allows us to think in an associative way when we are
doing calculations.

5.1. A Jordan Superalgebra at an Even Homogeneous Ad-Nilpotent
Element

511.LetL =L, + L, be a Lie superalgebra, and let a € L, such that adjL:O .
Such an element will be called Jordan element of L. In the ®-module [a, [a, L]]
we can define a new product

ajax{afay] =7 alalx[ay]]

The (nonassociative) algebra ([a, [a, L]],) is Z,-graded with homogeneous
parts [a, [a, L], = [a, [a, L ]] and [a, [a, L]], = [a, [a, L]]. The parity of an
homogeneous element x coincides with the parity of x as an element in the
Lie superalgebra L, i.e., |x | = |x| for every homogeneous elementx € L, u L,.
In the next proposition we prove that this superalgebra is in fact a Jordan
superalgebra.

Proposition 5.1.2. Let L = L, + L, be a Lie superalgebra and a € L, be a Jordan
element. Then ([a, [a, L]], ) is a Jordan superalgebra.

Proof. Let us check that the Grassmann envelope of [a, [a, L]] is a Jordan
algebra with the induced product. Let us consider @ = a ® 1€ G(L), which is a
Jordan element of the Lie algebra G(L). By Theorem [24, 2.4(ii)] and Remark
[24, 2.44] we can consider the Jordan algebra [d, [d, G(L)]] of G(L) at d with
product

olo] oo~ Jelafx[o]]

forany X, y € G(L).

The map ¢ : [d, [, G(L) - G(la, [a, L]]) given by ¢([d, [, x® &, &, ... §, 1) =
[a, [0, x]1® &, &, ... §, is anisomorphism, so G([a, [a, L]]) is a Jordan algebra,
giving that [a, [a, L]] is a Jordan superalgebra.

Remark 5.1.3. The induced triple product on [q, [a, L]] is given by
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{xv.z}= (—1)””2' %AZXZAZ(y)

for homogeneous X,y,z € [a, [a, L]]. Indeed,

4{%,7,2} o <v 2" o) 2]
[ } |y||z|+|x||z| 2 [z,[a,[X,[Gl y””_

e )|x||y| [ [ Ha ZH”: - -
[ }+ |y||z|+\x||z| ,a],Hx,a],y”—(—UMM [y,CI],HX:G]IZ”:
H M+ 1\xuy\+|y||z|+|xnz| 2[2,[0,[[%0]%]“:

H }z} 1 b A [z,[x,[a,{a,yﬂ” = (—1)%2‘ A’XZA? (y)

Remark 5.1.4. An equivalent construction of the Jordan superalgebra ([a, [a, L]],7)
is the following: in L define a new product by xey =1/x,a yﬁ forany x, y e L,
and denote L the (nonassociative) Z,-graded algebra (L, «), with [¥ = and
') =L If we define Ker, (a) := {x € L| [a, [a, X]] = O}, then Ker,(a) is the Kernel
of the Z -graded algebra homomorphism ¢ : L@ = [q, [q, L]] given by ¢(x) =
lo, [0, x]], so L9/Ker (a) and [a, [a, L]] are isomorphic as Jordan superalgebras.

5.2. Jordan superalgebras at odd homogeneous ad-nilpotent
elements

Now we turn to odd ad-nilpotent elements Notice that for every homoge-
neous element a € L, we have ad aal = 2ad . When dealing with ad-nilpotent
elements of L, we WI|| require gd*L =0.In this case the element b = la,al e,
verifies ad?=ad?, = dad‘ =0.

Remark 5.2.1. Given such an element a € L, with ad4 0, if we consi-
der the ® -module [g, [a, L]] and we define the bilinear product as in 5.1.1
({GJG,X”. G'[G'yﬂ_;Jal J [ y]jlfor every x, y € L) then [q, [, L]] is Z,-gra-
ded witn [a, [a, L1], = [0, [a, L]l and [a, [a, L]] = [a, [a, L ]]. Thepantyofthe
homogeneous elements of [a, [a, L]] changes and |[a, [a, X]1 | = |x| + 1 for any
homogeneous element x € L, U L,. Moreover,

)_<.)7 _ 7(71)&”7\)7.)_(
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for homogeneous x = [q, [a, x]], v = [q, [a, yv]] € [a, [a, L]], i.e., ([, [a, L]], -) is
super-anticommutative. To avoid this situation and get a Jordan superstruc-
ture, we define a trilinear product on [a, [a, L].

5.2.2. For an element a € L, with ad;l =0, we consider the trilinear map {, , }
on [a, [a, L]] defined by

[%7.2)= A”a[a 1) M la ZHH —A2XYA2()

for every homogeneous X = [a, [a, x]], ¥ = [a,[a, y]l and Z = [q,
L1] (notice that [[a, [, 1], Iy, [o, [a, 21]]] = %“’[a al, x[y [a.a] ]z]

zll ela, [,
r = A2XYA?(z)

because ad,, ;ad ad, , = 0). The ® -module [q, [a, L]] is Z,-graded with with
respect to th|str|I|near product and [a, [a, L]]i = [a, [a, L], /e{O 1}

lalax]}{y[afaz]]|[[alax]}s} o]

forevery x, y, ze L, u L, because [[q, [a, X1, [a, [a, Z]]] = %[Ha,a],x},“a,a],zﬂ -0

since [a, a] is an absolute zero divisor. This implies that the triple product is
supersymmetric in the outer variables:

{)_(')_/2} _ (_1)|xuy\+|x|\z\+|y||z| {Z,V,Y}. (5.2.2)
{>‘<,y,2}:(-1)‘y”2‘ {xz.y}. (5.2.3)
because 4{7( v, Z}:“ [a x” [y,[a,[a,z” ]:(—1)‘yH " a,[a,x”,“a[a,z”,y”:

_ %(—1)M|Zl+1 a.a

— (=)™ azxza?(y) = 4(<1)"{x,7,2} . From equations (5.2.2) and (5.2.3) we

get that the triple product defined in (5.2.1) is supercommutative on its three
variables.
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Lemma 5.2.3. For a homogeneous element a € L, with ad =0, the trilinear
map given in (5.2.1) satisfies

orlzanl)-{myz)as) (" e frma) )
+( 1)\ 2k lubvlz-+y HH{_,U,{Y,)_/,V}} (*)

foreveryx,y, z,u,vel,ulL,
Proof. Forevery x, y, z, u,ve L u L,

8{x,7 {207} = H[a,[a,x”, vl [a,[a,zﬂ,u},[a.[a,v]m -
~[lleferx].v)fala.2]. ] ol +
_(_1)(|X\+|y|)(|2|+\U\) ma[ o Z” u} H[a[a X” y],{a,[a,vm _
~[llalox].v} oo o]

- afo] o [a,xu,yy u”,[a,[w” B
N (_ 1)(\X|+M)(|z\+|u|) m ,[a,zH ’u}’

=8{{xy.z}.u \7}+(—1)(' g g,
+(f1)‘ {2+l |zl ‘8{2,0{)?,)7,\7}}

Let us see that (-1)XWE[[[a, [a, 211, [[[a, [a, x]], yl,ull,la,[a, v]]] coincides
with the second term on the right side of equality (*): from the definition of
the triple product,

Jofoelo]v] ] fslo]

. 4{Z,H[GI[G'XH'V}’U}'V}

| |~ fofo.x] o] o]+
(-1 [afax]fay]fav] +]ofox].v)[a]au]] =
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(71)(\x\+\yl)|z| [a’[a, Z]HH ala, XH y},u”,{a,[G,V” -
(- 1)\x||y\+|xuz|+\y||z| g {Z’ {)7')_(,0}’\7}

and we have shown (*).

5.2.4. A pair of Z,-graded ® -modules V = (V*, V") is a (linear) Jordan super-
pair if there exist two trilinear maps {,, }°: Vo x V 9 x Vo x \/°, g = %, both
supersymmetric in the outer variables, and that satisfy (JSP15):

{c:,b{c,d,e}(r }0 = {{a,b,c}(r ,d,e}a - (—1)‘allb‘+|allc|+|buc‘ {c,{b,a,d}a ,e}

+(_1)IOIIC\+IGIIdI+\bIICI+Ib\\dl {C,d,{a,b,e}o}a,c 4

o

for homogeneous g, ¢, e € V¢ and homogeneous b, d € V-9, 0 = =.

We have just shown that when a € L, has ad! =0, [a, [a, L]] with the trilinear
map {, ,} givenin (5.2.1) is a (1, 1)- Jordan supertnple in the sense of [47, §3],
which are a particular case (€, 6)-Freudenthal-Kantor supertriple systems, €
= +1, 6 = +1[47, §3]. We say that a Z,-graded ® -module M = M, + M, with a
graded triple product {,, }: M x M x M = M is a (1, 1)-Jordan supertriple if

« {q, b, ¢} = (=T)lelll*lallclbliel{c. b a} and

« {a,b,{c, d, e}} ={{a, b, c}, d, e} + (=1)lelbl-laliclllel{c {b, a, d}, e}
+ (=)lellclslolalblel+blel {¢ o g b, e,}}

for homogeneous elements a, b, ¢, d, e € M. The second identity resembles
(JSP15) but there is a change of sign in the second summand of its right side.
Notice that every (1, 1)-Jordan supertriple M with triple product {, , } gives rise
to a Jordan superpair V = (\*, V7) = (M, M) with products {a, b, c}* := {a, b, c}
and {b, ¢, d}~:= —-{b, ¢, d} forevery a, c € V*and b, d € V-. In our case we
have shown that if we double [a, ([a, L]] and twist one of the triple products
we have that ([qg, [a, L], [a, [a, L]) is a Jordan superpair.

5.2.5. Another Jordan structure can be defined from an ad-nilpotent element
ael; sugpose thgta e L, has @, =0 Thenb = [0, a] € L, is a Jordan ele-
ment (Zad ) =0), and we can define a Jordan superalgebra on the @

-module {b,[b,LH:ad;‘L asin 5.1.2. The product is now given by
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1
[plox]{bloy]|=5|b]ex[by]|
or, equivalently,
ad* xead* y = 2ad* [x, ad? y].

5.3. Subquotients associated to abelian inner ideals of lie
superalgebras

5.3.1. LetL =L, + L, be alie superalgebra. We say that B = B, + B,C L is an
inner ideal of L if [B, [B, L]] c B, and B is abelian if [B, B] = 0. Inner ideals can

be easily produced from homogeneous ad-nilpotent elements.

Example 5.3.2. Let L = L, + L, a Lie superalgebra and let a € L, with ad’ =0
ora €L, with ad’ =0. Then

[a] :=[a,lq, L]] (a) :=a + [a,[a, L]]
are inner ideals of L. Moreover, [a] is an abelian inner ideal.
Conversely, given an abelian inner ideal B = B + B,, any homogeneous b € B,
is a Jordan element and gives rise to the inner ideals [b] and (b) contained in B.
If b e B then 0 = [b, b] implies 0 = ad? =0 so [b] = 0 and (b) = ®b.
Proposition 5.3.3. Let L be a Lie superalgebra and B an abelian inner ideal of L.

Let us consider KerB := {x e L | [B, [B, x]] = O}. Then (B, L/KerB) is a Jordan
superpair with products:

fora, beBandx,y el (here X, y, [X,[a,y” and HX,G],)/} denote equivalence

classes in the quotient L/KerB). This Jordan superpair is called the subquo-
tient of L associated to B.

Proof. First notice that [a, [x, bl] = [[a, x], b] and [X,[a,y” = ﬂx,a],y] for every
a, b € Band every x, y € L because B is abelian and the definition of KerB.

The products are well defined: clearly {a, 0, b} = 0, and if we take homoge-

neous X, y € L/KerB with x = 0 or y = 0 then for homogeneous a, b, ¢ € L we
have that
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olelefol-le i (el
: cplees]-o

Let us see that the triple products are supersymmetric in the outer variables:

fo.)=[ofxt =(-1 "¥[ofo|= [ [px}] -

(_,I)\b||><\+|0||b\+\GHX| b,[X,(JH _ (_,I)|bHX\+\GHb|+\G||X| {b,)_(,G}

(rogh=[x[ay]=[xoly]+(-"[axy]-
) -

( Iyl at+ylel

[xllyl+Ixllal+yllal _
y,[a,x” (—1) {y a, X
Let us prove (JSP15). For homogeneous a, b, ¢ € B and homogeneous X, y, Z
elL,

(bksl)al+1x)

[p.y}lax]c]

I
—~—
——
Q
x|
ey
<
O
—
|
|
= &
T
= < <
= %
+
= =
Z -
—
o
—_— X
x|
Q
<
—
O
—
+

[ ]
—
I
o
—
<l
e
NI
b
=
Il
<
S

[v:bl x)2]

’ y—H] N (_1)(|y|+\b|)(x+a)
a.x

b},z}+

Therefore, (B, L/KerB) is a Jordan superpair.

Remark 5.3.4. Let a € L, be a Jordan element or a € L, with ad? =0. Then
B = [a] = [q, [a, L]] is an abelian inner ideal and we can build the subquotient
([al, L/Ker[a]). In this particular case, for homogeneous x, y, z € L the triple
product
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{[a,[a,x] Y+ Ker[a] ,[a,{a,z“} = Ha,[a,x”,[y,[a,[qz”” =
_ (_1)|yuz|+1+|a| wxza(y)

coincides, up to a scalar, with the triple product we have already defined in [x],
see Remark 5.1.3 when [a] is even and 5.2.2 when a is odd. In the following
result we are going to prove that the Jordan superpair structures defined in
this section and in the previous ones coincide.

Corollary 5.3.5. Let L be a Lie superalgebra, takea € L, with adi =0orael,
with ad;‘ =0, and let us consider the subqguotient associated to the abelian
inner ideal [a].

(a) Whena e L, if we consider the Jordan superpair structure induced on
(la, [a, L], [a, [a, L1]) by Remark 5.1.3, then the pair of maps

(‘1‘1,‘1’2) : ([a,[a,L”,[a,[a,L”) - ([a] L/ Ker{a])

Y = —%id and ¥, ([o[o,x”)z %X+Ker[o}

is an isomorphism of Jordan superpairs.

(b) When a e L, if we consider the Jordan superpair structure defined on
([a, [a, L1, [a, [a, L]1) by 5.2.3, then the pair of maps

(v, ofofofod]) -~ (o] L werla)
given by

¥ =—%id and Wz([a{a,x}])=%X+Ker{o]

is an isomorphism of Jordan superpairs.

Proof. In both cases, the pair of maps given by
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‘Pﬂo,[a,x”) ( 1)” ;{ [a X”e[ },and
¥, ([a,[a,x“) = %x + Ker[a] cL/ Ker[a],

for every x € L, are well defined (if [a, [a, x]] = [a, [a, y]], then [a, [a, x-y]]
= 0 implies x-y € Ker[a]). They are clearly bijective. Let us see that they are
Jordan superpair homomorphisms.

(a) Suppose that a € L, and take homogeneous x, y, z € L.
0‘1’1({{a,[o,x“,[o,[a,yﬂ,{a[ ”} [ I”' AXZA ]
= ()" gm0 (v) = f2lofox] 2y +kerlal o o]} -

~{#ale])¥ ({ { H) ({ o]}

|
+#,({lofe 2]} = w.| ()" sza(y)) -
(- 1)‘ e XZA( )+Ker[ |=- [ H Jay] ”+Ker[ |=

:{ X+Ker ay” Z+Ker{ ]}:

={‘Pz([a[axﬂ)‘*’({ v])#.(afaz])}

(b) Suppose that a € L, and take homogeneous x, y, z € L.

({{ ”):\y[( 1" axzar ]:
=(- 1)”H AXZA( ) {[ [a.x]| 3y +Kerla].3[a o]} =
~{# (ol ) ) ¥, ([afa.2])} '

¥, {alax 2]}~ . [-{loox] v fofo]]) -

-3, (- )HHAXZA() 31 )HH ()*KerH

[x“a[ay H+Ker :{ +Ker z+Ker[ ]}:

={#:(olox) ¥ (olor]) ¥ [olo D}
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