RESULTS AND DISCUSSION

In this thesis we have studied ad-nilpotent elements belonging to semiprime
associative algebras with involution or prime associative superalgebras with
superinvolution, and ad-nilpotent elements in Lie superalgebras. First, we have
dealt with semiprime associative algebras with involution. In these algebras
we have defined the notion of pure ad-nilpotent element; this notion will be a
relevant definition throughout Chapter 2 because it will allow us to give a more
precise description of such elements, and to weaken the torsion conditions
required to the whole algebra.

We have described the pure ad-nilpotent elements belonging to a semiprime
associative algebra R with involution * and belonging to K := Skew(R, *).

Indeed, if ais a pure ad-nilpotent element in R of index n, with R free of { 2 ]
n+1

and s-torsion, with s= , then there exists A\ in the extended centroid

of R such that a — A is nilpotent of index s. On the other hand, if a is a pure
ad-nilpotent element in K of index n, the description of a depends on the
equivalence class of n modulo 4, and there are three posibilities: If n =, 0
then the index of ad-nilpotence of a in R is greater than n and there exists
a corner of R that satisfies a PI. If n =, 0 then the index of ad-nilpotence of
ain Ris n and we can conclude that there exists A in the extended cen-
troid such that a — A is nilpotent. If n =, 3 then a can be descomposed as
an orthogonal sum of an ad-nilpotent element of R of index n and another
ad-nilpotent element of R of index greater than n. It is important to note that
in semiprime associative algebras the extended centroid is not a field, but it
is a von Neumann regular ring.

In the next chapter, we have studied homogeneous ad-nilpotent elements in
prime associative algebras R = R +R, with superinvolution *. We have star-
ted by studying the homogeneous ad-nilpotent elements g of index nin R.
If a is even, since R, is an algebra, we can use the above description of
ad-nilpotent elements in associative algebras. Although it is an almost direct
implication of the previous chapter, we have to deepen into the structure of
the extended centroid C(R) to ensure that a — A is nilpotent with A an even
element in the extended centroid. On the other hand, if o € R,, we have
focused on a?. Thus, unlike the descriptions of even elements, two different

cases appear: If nis even then a? € R, is ad-nilpotent of R of index g which

implies that there exists A € C(R), such that a> — A is nilpotent of index N+2.
4
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n-+1

If nis odd then a is ad-nilpotent of R of index —__ and hence a is nilpotent

of index —— n+’|

Continuing in the super setting, we have described the homogeneous ad-nil-
potent elements a € K := Skew(R, *) of index n of K. Once we have shown that
any homogeneous ad-nilpotent element of K is either an ad-nilpotent element
of R of the same index or nilpotent, we can describe these elements in depth.
This description depends on the parity of the element: In the even case, the
proof and the description is strongly supported by the non-super case. While,
in the odd case, we will focus on a? and thus use the description of even
ad-nilpotent elements. More precisely, if a € K, is an ad-nilpotent element
of K of index n and R has characteristic p > n, there are seven possibilities
depending on the equivalence class of n modulo 8:

(1) If n=, 0then ais nilpotent of index g + 1, ad-nilpotent of R of index n + 1and

a2Ka? =0 (so a’Ra? is a commutative trivial local superalgebra).

n-1
(2) fn=,1then a? eH, and ais nilpotent of index 2+

of R of index n.

and ad-nilpotent

(3) Ifn =, 2 then there exists A, a skew-symmetric element in the extended

centroid, such that a? — A is nilpotent of index N+2 and ais ad-nilpotent
of R of index n. 4
(4) If n=,5then a 7 € K,, and a is nilpotent of index —— N+1 ang ad-nilpotent

of R of index n.

(5) If n =, 6 then there exists A, a skew-symmetric element in the extended

centroid, such that > — A\ is nilpotent of index =< n+2

of R of index n.

and a is ad-nilpotent

n-+1

(6) If n=,7then ais nilpotent of index + 1, ad-nilpotent of R of index

1 [
n+2 and a2 ka 2 +( 1)‘ 'a7ka? =0 for every homogeneous k € K (so
1o

a 2 Ra ? is a commutative trivial local superalgebra).

(7) The cases n=,3 and n =, 4 do not occur.
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Afterwards, we have given examples of elements fitting these descriptions.
Our examples are matrices considered in the superalgebra I\/I(r|s) over a field
with a nontrivial superinvolution. Although these examples are considered in
superalgebras, restricting to the even part yields examples in the non-super
setting. These examples allow us to ensure that all the cases appearing in our
descriptions hold.

Finally, in Chapter 5, given any Lie superalgebra over ® with % € ®, we have
studied the even ad-nilpotent elements of index 3 and the odd ad-nilpotent
elements of index 4. For the even elements it is possible to associate a Jordan
superalgebra to the initial Lie superalgebra by transferring to super setting the
existing result in Lie and Jordan algebras due to A. Fernandez, E. Garcia and
M. Gomez Lozano in [24]. However, for odd ad-nilpotent elements of index 4
we have obtained a Jordan superpair. We have also introduced the notion
of subquotient of a Lie superalgebra associated to an abelian inner ideal.
Furthermore, the subquotient of a Lie superalgebra associated to an abelian
inner ideal is a Jordan superpair, generalizing the structure defined above by
the homogeneous ad-nilpotent elements.

Future work

We have studied homogeneous ad-nilpotent elements in prime associative
superalgebras but we can also study these descriptions in semiprime associa-
tive superalgebras. We note that the main difficulty of working on semiprime
superalgebras is that the extended centroid drops the property of its elements
being invertible with all that this entails. Another possibility could be to study
these descriptions for non-homogeneous ad-nilpotent elements.

On the other hand, the subquotients of a Lie superalgebra associated to an
abelian inner ideal could be a starting point to study the concept of socle
and a Wedderburn-Artin theory for Lie superalgebras following the ideas of
C. Draper, A. Fernandez, E. Garcia, and M. Gémez Lozano [22]. Some other
future research could be to study the relationship between Jordan supers-
tructures and Leibniz superalgebras, as R. Velasquez and R. Felipe have done
in the algebra settings [65].
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