

CHAPTER 5. NUMERICAL OPTIMAL CONTROL METHODS

In this chapter, a general overview to numerical methods for optimal control is given. They can be classified in indirect and direct numerical methods based on whether they are based on optimality conditions or not. Direct methods can be classified into shooting and collocation methods. The latter, can be classified into local and global collocation methods. The main advantages and disadvantages of each class of methods is discussed.

5.1. Introduction: direct and indirect numerical optimal control methods

Two different numerical approaches have been traditionally followed to solve OCPs, indirect and direct methods.

The indirect methods follow the strategy of “ first optimize, then discretize” and are based on the Pontryagin’s Maximum Principle. By contrast, direct methods follow the strategy of “first discretize, then optimize” and transcribe an infinite-dimensional OCP into a finitedimensional optimization problem, which, in general, is a nonlinear programming (NLP) problem [Betts, 2010].

Indirect methods are based on the necessary conditions of the Pontryagin’s maximum principle. However, these conditions depend on the constraints of the OCP and change when some constraints become active, i.e., when the state or the control variables reach the boundary of their admissible sets. The main drawback of this setting is that it is not possible to know in advance when this occurs, and therefore, it is not easy to derive a general numerical method from these conditions. Moreover, accurate initial guesses are required, not only for state and control variables, as it is in many numerical methods, but also for the costate variables, which are non-intuitive and therefore, very difficult to be accurately established. For the same reasons, analytical solutions can be obtained only for the simplest OCPs.

Direct methods do not rely on the necessary conditions of the Pontryagin’s maximum principle. They are numerical methods in which the process to obtain the optimal solution of the OCP is quite easier than in indirect methods, because although, in general, large scale NLP problems are obtained with a great amount of variables and constraints, fast and reliable NLP solvers are available to solve them. In Fig. 5.1, a schematic overview of both advantages and disadvantages of each approach is given.

Since the advantages of direct methods outweigh their disadvantages compared to indirect approaches, in this thesis, a direct approach has been employed to solve OCPs.


Fig. 5.1. Advantages and disadvantages of direct and indirect methods.
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5.2. Direct methods

Direct methods can be divided in two main categories, direct shooting methods and direct collocation methods, as shown in Fig. 5.2.

Direct shooting methods can be further divided into two categories: single and multiple shooting methods. Single shooting methods are control parameterization methods in which a time grid is defined and the controls are discretized on that grid as a set of NLP variables, while the states are discretized using numerical integration. These methods are the simplest technique to numerically solve OCPs. The major advantage of them is that, although a high-dimensional state vector is involved in the problem, the transcribed problem will have few degrees of freedom. Additionally, only initial guesses for controls are required. However, the main disadvantage of single shooting is that this technique is quite sensitive to initial conditions.

These drawbacks make them poorly suitable for solving most OCPs [Betts, 2010]. To reduce the sensitivity to initial conditions of the single shooting method, the multiple shooting method has been devised, in which the time interval is split into shorter subintervals, and thereafter, the problem is transcribed as in the single shooting methods, where the initial state of each subinterval is a variable of the resulting NLP problem. In the multiple shooting method, although the sensitivity-related issues are fixed, the number of variables involved in the NLP problem increases.

Direct collocation methods do not rely only on parameterization of the control, they rely on parameterization of both state and control. Within collocation methods, there are two major groups: local collocation and global collocation methods. As its name suggests, in local collocation methods local approximations of states and controls are made, and local integration techniques are applied for the differential equations that represent the dynamic system. Local collocation methods are the simplest collocation methods and are less accurate than global collocation methods [Huntington and Rao, 2008]. Some of the best-known local collocation methods are the trapezoidal and the Hermite-Simpson collocation schemes. The main difference between them is the kind of functions that are employed to approximate the system dynamics in each of them, being piecewise linear functions in the trapezoidal scheme and piecewise quadratic functions in the Hermite-Simpson collocation scheme. Unlike local collocation methods, global ones use global polynomials to approximate the states across the whole time interval. The main family of global collocation methods are the pseudospectral methods (PSM). In this thesis, PSM have been used. They will be introduced in the next section.


Fig. 5.2. Direct methods classification.
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5.3. Pseudospectral methods

PSM are a type of direct global collocation methods which use global polynomials to parameterize the state variables. The nodes are generally obtained from a Gaussian quadrature, which is employed to collocate the set of differential-algebraic equations. The use of global polynomials, instead of using piecewise-continuous polynomials as interpolant between prescribed subintervals, makes PSM more efficient and simpler than other direct methods [Fahroo and Ross, 2000].

The first step to introduce PSM is to transform the original time variable, t ϵ I = [tI, tF], into a new time variable, τ ϵ [−1, +1]. The transformation that relates both time variables is the following

t=(tF−tI)τ+(tF+tI)2.            (5.1)

From Eq. (5.1), it is easy to obtain the following relationship:

dt=tF−tI2dτ.            (5.2)

In trajectory optimization problems, the four most commonly used sets of collocation points are the Legendre-Gauss (LG), Legendre-Gauss-Radau (LGR), also known as direct LGR, Flipped Legendre-Gauss-Radau (f-LGR), and Legendre-Gauss-Lobatto (LGL) points. Notice that, although in all these methods the discretization points employed in the problem must lie in the [−1, +1] interval, this is not required for the collocation points. Indeed, although the position of the points changes from one set of collocation points to another, as described in detail below, the major difference between the methods is that, depending on the set of collocation points chosen, both, one, or none endpoints of the interval [−1, +1] will be excluded in the approximation of the control variables [Garg et al., 2011].

Collocation points are roots of orthogonal polynomials, or linear combinations of them and its derivatives [Huntington, 2007, Garg et al., 2009]. In particular, the four sets of collocations points seen above are based on Legendre polynomials. Denoting the Legendre polynomial of k-th degree as PK, where K represents the total number of discretization points, the particular relationship between the different sets of collocation points and the Legendre polynomial is specified in Fig. 5.3.


Fig. 5.3. Roots of the Legendre polynomials, or combinations of them, for different sets of collocation points.
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In Fig. 5.4 a schematic overview of the positioning of the points for the different collocation schemes is given. In particular, it can be seen that both endpoints are included in the LGL points, i.e. τ ϵ [−1, 1], neither of them are included in the LG points, i.e. τ ϵ (−1, 1) and just one of the endpoints is included in the LGR points. If the initial point −1 is included, i.e. τ ϵ [−1, 1), the set of collocation points are usually called just LGR points or direct LGR points, whereas, when the terminal endpoint +1 is included, i.e. τ ϵ (−1, 1], the resulting set of points is known as the f-LGR points. Notice that, while the LG and LGL points located symmetrically with respect to the origin, the direct LGR and f-LGR points are not.

Since in the LG points, the endpoints are not included, additional quadrature constraints are necessary in order to force collocation at initial and terminal endpoints. These additional constraints make the problem resolution unnecessarily more complicated. This drawback can be overcome using the LGL points. However, the use of the LGL points has some additional drawbacks such as the slow convergence of the costate variables. Finally, due to their asymmetric positioning with respect to the origin, both direct LGR and f-LGR collocation points, are good candidates, because they permit collocation at endpoints without significant convergence issues for the costate variables [Fahroo and Ross, 2008, Garg, 2011].


Fig. 5.4. Schematic comparison between the LG, LGR, f-LGR, and LGL collocation points.
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In [Garg et al., 2009], it is stated that direct LGR and f-LGR collocation points are useful in infinite-horizon problems and in finite-horizon problems in which endpoints constraints are involved or the state at the terminal time is included in the objective function.Therefore, PSM based on f-LGR points have been employed in this thesis, which will be introduced in the next section.

5.3.1. Pseudospectral method using f-LGR points

In this section, following [Garg et al., 2011, Garg et al., 2009], the PSM using the f-LGR collocation points will be presented. Consider K flipped Radau collocation points lying on the interval τ ϵ (−1,1] and N discretization points lying on the interval τ ϵ [−1,1], which include the mentioned K collocation points together with the initial endpoint −1. In this case, K = N - 1. For a better understanding of their position, a schematic representation of the position of the f-LGR collocation points and the corresponding discretization points, is given in Fig. 5.5.


Fig. 5.5. Schematic representation of the position of the f-LGR collocation points and the corresponding discretization points.

[image: ]


Thus, considering the time transformation defined in Eq. (5.1), each component j-th of the state variable evaluated at the k-th collocation point, xj(τk), can be approximated using a basis of N Lagrange polynomials Li,i = 1,…, N, by the following expression:

xj(τk)≈∑i=1Nxj(τi)Li(τk),             for  k=1,…,K,            (5.3)

where the nodes τi,i = 1 ,…,N are the discretization points, τk,k = 1 ,…,K are the collocation points, and Li(τk) is a Lagrange polynomials basis particularized for each collocation point k, given by the Lagrange polynomial interpolation:

Li(τ)=∏j=1j≠1Nτ−τjτi−τj.            (5.4)

Differentiating Eq. (5.3), and defining a new matrix Dki=L˙i(τk), yields

x˙j(τk)≈∑i=1Nxj(τi)L˙i(τk)=∑i=1NDkixj(τi),        for  k=1,…,K.            (5.5)

PSM are characterized by the differentiation matrix D ϵ ℝK×N, which is used to approximate the derivative of the state at the collocation points. The differentiation matrix for the f-LGR collocation points is defined as follows:

Dki={ g˙(τk)(τk−τi)g˙(τi),       for k≠i,        g¨(τi)2g˙(τi),              for k≠i,            (5.6)

where the function g(τi) = (1 + τi)[PK(τi) -PK−1(τi)], based on the roots of the combination of Legendre polynomials for the f-LGR points, shown in Fig. 5.3.

Notice that, with the method explained here, increasing the degree of the Lagrange polynomials allows the state variables to be approximated at every discretization point, including both endpoints.

However, the control variables are only discretized and approximated at the f-LGR collocation points using N - 1 Lagrange polynomials. Therefore, the j-th component of the control can be approximated as follows:

uj(τk)≈∑i=2Nuj(τi)Li(τk),        for  k=1,…,K.            (5.7)

Using Eq. (5.2), the first time derivative of the j-th of the state variable, with respect to t ϵ I = [tI,tF], x˙j(t), can be expressed as follows:

x˙j(t)=2tF−tI∑i=1NDkixj(τi),        for  k=1,…,K.            (5.8)

Thus, the differential equation (4.1) of the OCP, ẋ(t) = f (t, x(t), u(t)), will be incorporated in the NLP problem as:

∑i=1NDkixj(τi)−tF−tI2f(τk,x(τk),u(τk))=0.            (5.9)

As mentioned before, global polynomials are used in PSM. Discontinuities in the time derivatives of the state or control variables can not be accurately approximated using this type of polynomials. The EOCP described in Section 4.2.2, which arises in solving the formation mission design problem, is a nonsmooth OCP with discontinuities in the time derivatives of the state and control variables caused by the switches in the dynamic constraints of the problem. Additionally, in the EOCP, the initial and final times of each flight are, in general, different and, consequently, the collocation nodes of each flight do not match. However, to model the logical constraints from Eq. (4.16) that describe the switching logic among discrete states of the switched dynamical system that represent the formation flight, it is necessary to have the same set nodes for all the flights involved, at least during the flight phases in which aircraft fly in formation. These reasons make PSM not very suitable in dealing with the non-smooth EOCP. Therefore, an extension of the PSM, called pseudospectral knotting method has been employed in this thesis, which is outlined in the next section.

5.3.2. Pseudospectral knotting method

Pseudospectral knotting methods generalize the spectral patching method by the exchange of information across the different patches among standard PSM in the form of switching conditions [Ross and Fahroo, 2004]. These constraints are localized at the so-called knots of the problem. The knots are some special nodes which enable the global time interval to be divided into several time subintervals to apply PSM over each subinterval. So, the knots represent double nodes, coinciding with the last node of one subinterval or patch and with the first node of the following subinterval. Different kind of knots can be defined such as soft or hard knots, or free or fixed knots.

In relation to the numerical difficulties associated to the nonsmoothness of the mission design problem, the Gibbs phenomenon should also be mentioned. This phenomenon appears when a nonsmooth function is approximated with some smooth functions [Ross and Fahroo, 2004], and the pseudospectral knotting method allows this phenomenon to be prevented.

5.4. Solution of the Embedded Optimal Control Problem

In this section, the specification of the PSM employed to solve the formation mission design problem studied in this thesis is given. The peculiarities of the problem that make it to be solved using the knotting PSM are discussed and the solver employed to solve the resulting NLP problem is described.

The deterministic formation mission design problem presented in Chapter 4 is formulated as a SOCP, which has been transcribed into an EOCP using the embedding approach. Finally, the knotting PSM is applied to solve the EOCP.

Following [Ross and Fahroo, 2004], in the formation mission design problems solved in this thesis, only two interior soft knots are considered, independently of the number of aircraft involved in the formation. Additionally, initial-time and final-time conditions are considered as part of the general framework of knots. In particular, the knots corresponding with the initialtime and final-time are defined as hard knots because they are intrinsic to the formulation of the problem.

The interior knots are defined as free knots but constrained by the condition that the time position of the first interior knot, tk1, should be greater than the initial times of all flights, max(tI,p), and the time position of the second one, tk2, should be smaller than the final times of all flights, min(tF,p), as schematically shown in Fig. 5.6. On this basis, three different time intervals, I1, I2, and I3, have been considered for each flight:

•I1: before the first interior knot: tp ϵ [ tI,p, tk1), ∀ p ϵ {1 ,…,Na}, formation is not allowed.

•I2: between the two interior knots: tp ϵ [tk1, tk2], ∀p ϵ {1,…, Na}, formation is allowed.

•I3: after the second interior knot: tp ϵ (tk2, tF,p,], ∀p ϵ {1,…, Na}, formation is not allowed.



In Fig. 5.7 a schematic representation of the three different time intervals, I1, I2, and I3, and the knots and nodes of the problem are presented. The vertical lines correspond to the times of each node, and the big points represent the knots.


Fig. 5.6. Schematic flight times representation in a three-aircraft mission design problem.
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It is easy to see that, in two-aircraft formation design problems, the formation can only happen if both aircraft are flying, in other words, during the overlapped flight time [Xu et al., 2014]. Thus, the formation is only allowed during the second time interval, 12, and the collocation points of all the aircraft are forced to be the same in this interval, I2, and the collocation points of all the aircraft are forced to be the same in this interval. Notice that, as mentioned before, the two interior knots of the problem should be greater than max(tI,p) and lower than min(tF,p), but are not fixed to be equal to those values. Thus, the time value of the interior knots should be also determined in the solution. The same assumption has been taken for three-aircraft formations.


Fig. 5.7. Knots and nodes. Figure adapted from [Ross and Fahroo, 2004].
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In short, the resulting EOCP together with the inequality and equality constraints given in Section 4.2.4 can be solved using traditional optimal control techniques.

There are several integrated software packages available to solve OCPs using direct collocation methods such as DIDO [Ross, 2020], GPOPS [Rao et al., 2009] and GPOPS-II [Patterson and Rao, 2014]. All of them implement PSM and are user-friendly, in the sense that they allow people with no knowledge of the underlying pseudospectral theory to use them. However, they are commercial software packages for the commercial Matlab environment. To gain a deeper insight into knotting PSM and to avoid dependance from commercial software, the knotting pseudospectral method has been implemented from scratch in this thesis. The four different collocation points schemes have been implemented and tested, obtaining that f-LGR points show the best convergence for the formation mission design problem. Therefore, the Radau knotting PSM have been selected to transcribe the EOCP into a NLP problem.

The resulting NLP problem has been modeled using Pyomo [Hart et al., 2012], an opensource Python-based software package for modeling complex optimization problems, and solved using interior point optimizer (IPOPT) solver, an open-source software package suitable for large-scale nonlinear optimization. It implements an interior-point line-search filter method and can be employed to solve general NLP problems [Wachter and Biegler, 2006].

5.5. Conclusions

In this chapter, the main numerical methods for optimal control have been described. The accuracy of global collocation methods has led to choose in this thesis a pseudospectral method to solve optimal control problems, namely the pseudospectral method based on the Flipped Legendre-Gauss-Radau collocation points, which is especially suitable due to the presence of endpoints constraints in the optimal control problem and the state at the terminal time in the objective functional. The peculiarities of the formation mission design problem studied in this thesis, has made it necessary to use a special pseudospectral method, the knotting pseudospectral method. To gain a deeper insight into these methods and to avoid dependance from commercial software, the knotting pseudospectral method has been implemented from scratch in this thesis.
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