4.INNER PRODUCTS AND
ORTHOGONALITY

In making the definition of a vector space we generallzed the linear structure
(addition and scalar multiplication) of R? an R3. We ignored other important
features, such as the notions of length and angle. These ideas are embedded
in the concept we now investigate, inner products.

4.1 Inner product spaces

We begin with a definition.

Definition 4.1 7

Let V be a real (or complex) vector space. Suppose that to each pair of vec-
tors u,v e V there is assigned a real number denoted by (u,v). This function
is called an inner product on V if it satisfies the following axioms:

(11) (Linearity in the first entry) <qu1 + buz,v> = a<u1,v>+ b<u2,v>.
(12) (Symmetry) (u,v) = {v,u).
(13) (Positive definiteness) (u,u) > 0; and (u,uy =0 if and only if u=0.

The vector space V with an inner product is called an inner product space.
o J

Using the linearity axiom (I1) and the symmetry axiom (12), we obtain
(u,av; +bvy ) = (av, + bvy,u) = a(vy,u) + b(Vy,u) = au,v, )+ b(u,v, ).

That is, the inner product function is also linear in its second entry. By induc-
tion, we obtain

(auy + AUy +-+a,u, V) = 0 (U, V) + 0, Uy, V) +--+ 0, (U, V)
and

(U, by + bV + -+ bV ) = by (U V) + by (U, ) -+ b (U, V).
Combining these two properties yields the following general formula:

g

Jj=1

S

Zr: a,-bj<u,.,vj>

i=1 j=1
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<u1,v1> <u1,v2> <u1,vs> b,

=[a1 a .. ar] <u2,v1> <u2,v2> <u2,vs> b'2.
<ur'v1> <ur'v2> <ur,vs> bs
By axiom (I3), {u,uy is a non negative number and hence its positive real square

root exists. We use the notation
[ =/ (uu.

Th|s non negative real number |u|| is called the norm of u. The relation
[lu || =(u,u) will be used frequently.

(4.)

4 N\

Consider the vector space R". The function

uvy=u'v

defines an inner product on R". Notice that this is the usual dot product u-v.
The norm |u|| of a vector in this space is as follows:

lul=uTv

Although there are many ways to define an inner product on R", we will
often use the inner product in R" defined by the dot product, unless

otherwise stated or implied; we will call it the usual inner product on R".
- J

Let V be the vector space of real continuous functions on the interval
a <t<b. Then the following is an inner product on V:

to=[ “fo)gle)

where f(t) and g(t) are any continuous functions on [a, b].
Another inner product on V is:

(f.9)= ff Hwit)d

where w(t) is a given continuous function which is positive on the interval
\a <t <b. Inthis case w(t) is called a weight function for the inner product./

154



4. INNER PRODUCTS AND ORTHOGONALITY

Let V denote the vector space of mxn matrices over R. The following is
an inner product on V:

(AB)= Tr(BTA)

where Tr stands form the trace, the sum of the diagonal elements. If
Az(a,.j) and Bz(b--) then

ij )
<A,B>=Tr(B A)ziiagbij

=1 j=1
the sum of the products of the corresponding entries. In particular,

m n
|AIP=(AA=">a?

i=1 j=1
the sum of the squares of all the elements of A.
. J

4.2 Gram matrices of an inner product

Let V be an inner product space and let B = §b1,b2,...,bn} be a basis for V.
Since any vectors u,v e V can be written as a linear combination of the basis
using their coordinates as weights, we can write the inner product using (4.1)
as follows

(oby) (byby) ... (byby)
(byby) (byby) .. (byby,)

(u,v) = [ul;
(b,.by) (b,by) ... (b,.b,)
The nxn matrix

(bby) (byby) ... (byby,)
o5 _|(b2br) (baby) .. (by)

(b,by) (b,by) ... (b,.b,)
is called the Gram matrix if the inner product relative to the basis B. Notice

that by axioms (I12) and (I3), the Gram matrix must satisfy
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.
(GB) =G% and 0<x'GPx, forallxeR".

Recall that if &, is the canonical basis in R", then for every vector ue R”,
we have [U]gn =U_Moreover, the usual inner product is given by (u,v) = u'v,
which can be written as

V) =Ml 1,V .
n

So we conclude that the Gram matrix of the usual inner produgct with res-
pect to the canonical basis is the identity matrix ., thatis, G = I This
is easy to verify using the definition and is left to the reader as a straight-

forward exercise.
NG J

Consider the usual inner product in R® and the basis B = {b1,b2,b3}, where

1 1 1
b,=|0], by=[1], by=[1].
0 0 1

Then,

(byby) =1 (byby)=1, (bbs)=1,
(byby)=2, (bybs)=2, (bsbs)=2.

So the Gram matrix of the usual inner product relative to B is

Notice that the Gram matrix of the usual inner product in R3 relative to the
canonical basis is I5. In fact, the Gram matrix of an inner product is, in gene-
ral, different for each choice of basis, that is, the Gram matrix of an inner
product depends on the basis. This is true for any inner product space.
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4. INNER PRODUCTS AND ORTHOGONALITY

Consider the vector space P, endowed with the inner product defined by

9= [ 1) olt)

For the standard basis S, = {’I,t,tz}, we have

“D‘IHVW Uw-jﬂm—l <n§—f%m—l
1 o i ] o 2r Il . 3
ty)= tzdt =5 t:tz = f tsdt =—, tz,tz = f t4dt =—.
{t.t) fo 3 () . 2 (.£2) ) :

Then the Gram matrix of the inner product relative to the standard basis is

1 1/2 1/3
G2=1/2 1/3 1/4.
13 1/4 1/5

We can use the Gram matrix to compute the inner product between to ele-
ments of ,. If p(t)=1-t and q(t) = 1- t+t2 then

. 1 1/2 1/3] 1 .
(plt),qt) = [P0} G 2lal]s =[1 -1 0]/1/2 1/3 1/4)1)=2

2 173 1/4 15| 1
\ 4

The definition of an inner product is independent of the choice of basis.
Nevertheless, the Gram matrices of an inner product relative to an old basis
B and a new basis C are, in general, not equal; that is, GB +GC. Soitis sen-
sible to conclude that the two Gram matrices are related in some way. We
explore this relation here.

First, using the Gram matrix GB, we can write
(U, V) =[ul; GoVl,.

Recall that for any vector x eV, the coordinate vector [X], is related to the
coordinate vector [x], by means of the change of basis matrix P

[X] = Pg [X],.

Therefore, we can use the change of basis matrix to change the coordinate
vectors relative to the old basis to coordinate vectors relative to the new basis:
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V) = (Pg [ul, )T G5 (Pg [v]c) = [ul} ((Pg )T GBPg][v]C.
Comparing the last equation with
(u,v) =[ul} GC[v],,
we conclude that

.
C _[pC BpC
6° =(PS) c"Ff.

Consider the usual inner product in R3. Its Gram matrices relative to two

different bases were computed in Example 4.4 and Example 4.5. The Gram

matrix relative to the canonical basis is G & =,, Where as the Gram matrix
3

relative to the basis B given in Example 4.5 is

GP =

- A
NN -
w N -

|
s
The matrix G® can be obtained from G 3 = I3 by means of the change of
basis matrix

11 1
B _
Pg3_01 11.
0 01
Indeed, we compute
T, 100111 [111
(Pf]G3Pf=11 ollo0 1 1=]1 2 2|=G"
3 111 1)loo 1 123
\ 4

4.3 Cauchy-Schwarz inequality

The following inequality is called the Cauchy-Schwarz inequality; it is used in
many branches of mathematics.
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4. INNER PRODUCTS AND ORTHOGONALITY

Theorem 4.1

For any vectors uveV,

[ww) lluv.

This inequality is an equality if and only if one of u,v is a scalar multiple
of the other.

Proof. Let u,v e V. If v =0, then both sides of the inequality are equal to 0 and
the desired result holds. Thus we can assume that v = 0.

By axiom (I13), for all 1 e R, we get:
{U-Av,u-Av) > 0.
Consequently,

[ul? —24u,v) + A2 || v 2= 0.

u,v)
v

Taking 4 = , we obtain

|| v || v?
That is,

YAz
v

Multiplying both sides by || v ||2,

IV P = (u,v)* = Os,
which implies
vy <[ulPl v
Taking the positive square root of both sides, we finally get

v lguffv].
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Observe that if u= Av, then
{U-Av,u-Avy=0.

In this case, each step of the proof is valid with < and > replaced with equa-
lity signs. Moreover, each step (with equality replacing inequalities) is rever-
sible. Therefore, the Cauchy-Schwarz inequality is an equality if and only if
u or v is a scalar multiple of the other. |

(- N\

Consider any real numbers a,...,a,,b;,...,b,. Then the Cauchy-Schwarz
inequality applied to the usual inner product in R implies

2
(c11b1 +0a,b, +---+anbn) 3(012 +a§ +---+(:1,2,)(b12 +b§ +---+b,%).

Let f and g be any real continuous functions defined on the interval
a<t<b. Then, applying the Cauchy-Schwarz inequality to the first inner
product introduced in Example 4.2, we obtain

[ I it glt)at ) bf(t)Zdt][ ) bg(t)Zdt].

AN J

2
<

The next theorem gives basic properties of the norm; the proof of the third
property requires the Cauchy-Schwarz inequality.

rTheorem 4.2 :

Let V be an inner product space. Then the norm in V satisfies the following
properties:

(N1) ||v|>0;and ||v|=0 if and only if v=0.
(N2) [[kv [i=[ k][ v
(N3) (Triangle inequality) |Ju+Vv |[<[|u]|+]| v ||; this inequality is an equality

if and only if one of u,v is a non negative multiple of the other.
- J

Proof. Property (N1) is a direct consequence of axiom (I13). Property (N2) is
a direct consequence of the definition of norm and the linearity of the inner
product in both entries:
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4. INNER PRODUCTS AND ORTHOGONALITY

kv [ = kv kv) = kv, v) = K] [V ]

Most of our effort is in proving property (N3). For u,veV,

[lu+v ||2 =(U+V,u+V)
=l +2u,v)+ | v
ulP 2w [+ v?
<lulP +2|ulv]+|Iv|? (byCauchy-Schwartz)
2
=(ull+ v
Taking square roots of both sides of the inequality above gives the triangle
inequality. The proof above shows that the triangle inequality is an equality if
and only if (u,v)=|u]|||v].If one u,v is a non negative multiple of the other,
then the above equality holds. Conversely, if the above equality holds, then
the condition for the Cauchy-Schwarz inequality implies that one of u,v must
be a scalar multiple of the other. If u= v, then bye (N2), (u,vy=u|||v||

implies 4 =| 4|, which forces the scalar in question to be non negative, as
desired. |

If |ul="1, or, equivalently, if (u,uy=1, then u is called a unit vector and is said

to be normalized. Every non zero vector v eV can be multiplied by the reci-
procal of its norm to obtain a unit vector

which is a positive multiple of v. This process is called normalizing v.
The non negative real number
d(u, v) = ||u - v||

is called the distance between u and v. For any non zero vectors u,v eV, the
angle between u and v is defined to be the angle # such that 0<8 <z and

uv)

cosd = .
ICHIAG

By the Cauchy-Schwartz inequality, -1<cosf <1 and so the angle always
exists and is unique.
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4.4 Orthogonality

Let V be an inner product space. The vectors u,v eV are said to be ortho-
gonal and u is said to be orthogonal to v if

u,v)=0.

The relation is clearly symmetric; that is, if u is orthogonal to v, then (v,uy=0
and so v is orthogonal to u. We note that 0 e V is orthogonal to every vector
veV for

{0,v) =(0v,Vv) =0(v,v) =0.

Conversely, if u is orthogonal to every v eV, then (u,u) =0 and henceu=0
by axiom (I3). Observe that u and v are orthogonal if and only if cos@=0
where @ is the angle between u and v, and this is true if and only if 8 =7/2.

4 N\

. . T .

Consider an arbitrary vector u=[or1 a, ... anJ in R". Then a vector
T, .

V= [x1 Xy e xn] is orthogonal to u if
WV) =X, + 0y Xy +...+0,X, =0.

In other words, v is orthogonal to u if v satisfies a homogeneous equation

whose coefficients are the entries of u.
g J

4 N\

Suppose tr%at we want a nonTzero vector which is oTrthogonaI to
v1:|:1 35] and v, :[o 1 4] in R3. Let w:[x y z:| . We want

0=(V,W)=x+3y+5z and 0=(v,W)=y+4z.

Thus we obtain the homogeneous system

x+3y+5z=0,
y+4z=0.
with general solution
X 7
w=|y|=1-4| AieR.
z 1

Then, w with 4 #0 is orthogonal to v; and v, .
o J
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4. INNER PRODUCTS AND ORTHOGONALITY

Let S be a subset of an inner product space V. The orthogonal complement
of S, denoted by St (read 'S perp") consists of those vectorsin V which are
orthogonal to every vectorue S:
SL={veV: v,u =0 foreveryue S}
We show that S* is a subspace of V. Clearly 0 e S* since 0 is orthogonal to
every vector in V. Now suppose that u,w e S*. Then, for any scalars a and
b and any vector ue S, we have
(av + bw,u) = a{v,uy + b{w,u) =a0 + b0 = 0.

Thus av +bw e S* and therefore S* is a subspace of V.

/ N\

Suppose we want to find a basis for the subspace S = Span{v} in R3 where
u=[13-4]". Note that S* consists of all vectors w = [x y z]" such that

(wW,uy=x+3y—-4z=0.

The general solution of this homogeneous equation is

X -3 4
w=|y|=1] 1/+u|0|, AZueR
z 0 1

Therefore, a basis for S* is

3[4
1],/ 0
K

- J

The next theorem is a basic result in linear algebra.

Let S = Span{v} where veV and v=0. Then for every xeV thereis a
unigue Ue S and a unique W e St such that

X=U+W.
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Proof. Let A be a scalar. Then
X = AV + (X — Av).

Notice that 1 eS. Thus we need to choose A so that v is orthogonal to
(x — Av). In other words, we want

0=(X-AV,V) = (V) ~ 2 || V|

The equation above shows that we should choose 4 to (X,v)/| Vv HZ. Making
this choice of A1, we can write

X=MV+[X_MV}

4 N\

Consider the vectors x=|0 1 i and v=|1 ’I]T in R? with the usual inner
product. Then (x,v) =1,/ v|?=2, and

1
1 =
W_)(_(x,v)v= 0| 1 - 2|
(2 N A A B
2
Then x can be written uniquely as
1
X==V+W,
2
where (v,w) =0.
o J
g B\

Consider the vector space P, endowed with the inner product defined by

1
.9 = | figltiat.
Relative to the standard basis S, = {1,t,t2}, we have the Gram matrix

1 12 13
G2=1/2 1/3 1/4],
173 1/4 1/5
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4. INNER PRODUCTS AND ORTHOGONALITY

( N
If p{t)=1-t and q(t)=1-t+t? then
12 sl
(plo.qy=[1 -1 0]|1/2 1/3 1/4[ 1=
1/3 1/4 1/5| 1
and

1T 12 1/3] 1
@, qy=[1 -1 1)1/2 1/3 1/4| 1=
1/3 1/4 1/5| 1

Then

_25 25 _25 17 17, 25,
plt)= 42or(t)+[10(t) 42q(t)J 42cr(t)+( j

12 1/3| 1

1
<q(t),%—%t—%t2>=[% -% —%} 172 1/3 1/4|1|=0.
13 1/4 1/5]| 1

4.5 Orthogonal sets and bases

A set S of vectorsin V is called orthogonal if each pair of vectorsin S are
orthogonal, and S is called orthonormal if S is orthogonal and each vector in
S has unit norm. In other words, S = {u1,u2,...,ur} is orthogonal if

<u,-,uj>=0 for i=j

and is orthonormal if

o tini
()=, 1 Iiflij.

Normalizing an orthogonal set S refers to the process of multiplying each
vector in S by the reciprocal of its norm in order to transform S into an ortho-
normal set of vectors. The following theorems apply.

rTheorem 4.4

Suppose that S is an orthogonal set of non zero vectors. Then S is linearly
independent.
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Proof. Let S = {u ,uz,.,,,ur} be an orthogonal set. Suppose that the scalars
a;,0,,...,Q, sa'us?y

QU +QoUy +---+ U, = 0.

Computing the inner product of both sides of the above equation with u; for
i=12,...,r, by the orthogonality of S we obtain

0=<u,-,0>=<u,~,a1u1+02u2+---+aru,>
= =afulf, fori=12
-a1<ui,u1>+---+ai<ui,ui>+---+ar<u,-,ur>-a,-||u,-|| , fori=1,2,...,r.

This implies that @; =0 for i=1,2,...,r is the unique solution of the homoge-
neous equation. Therefore S is a linearly independent set. |

rTheorem 4.5: Pythagoras

Suppose that S ={u,v} is an orthogonal set of two vectors. Then

2 2 2
[u+Vv = uli® + v

Proof. Suppose that (u,v) =0. Then
[U+V 2= U+ V,U+V) = U,U) + 20U, V) +(V,V) = U+ (V,v) = u|? +]| v |

which gives the desired result. |

4 N\

Consider the canonical basis & ={e1,e2,e3} in R® with the usual inner
product. It is clear that

<e1,e2> = <e1,e2> = <e2,e3> =0 and <e1,e1> = <e2,e2> = <e3,e3> =1

Thus & is an orthonormal basis of R3. More generally, the canonical basis

\in R" with the usual inner product is orthonormal for every n. )

' N

Consider the vector space P, endowed with the inner product defined by

1
(f,9) = jof(t)g(t)dt.
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4 N\
Relative to the standard basis S, = {1,t,t2}, we have the Gram matrix

1 12 13
G2=1/2 1/3 1/4|.
13 1/4 15

Let S= {1,1—2t,2—12t+12t2} is an orthogonal set since

1 172 /3] 1
<1,1-2t>=[1 0 o] 12 1/3 1/4|/-2|=0
173 1/4 1/5|| 0
1 172 /3] 2
<1,2—12t+12t2>=[1 0 0]1/2 1/3 1/4|-12|=0
173 1/4 1/5|| 12
1 12 13 2
<1-2t,2-12t+12t2>=[1 2 0]|1/2 1/3 1/4|-12|=0
13 1/4 1/5| 12

The most useful property of orthogonal bases is that the coordinates of any
vector relative to an orthogonal basis can be computed directly one by one,
without the need to solve a system of linear equations.

rTheorem 4.6

Suppose that {u1,...,un} is an orthogonal basis for V. Then, for any veV,

Proof. Since {u1,...,un is a basis for V, any vector veV can be written as a
linear combination of the basis; that is,

V=G1U—| +C72U2 +-"+Gnun

for suitable scalars ay,a,,...,a,. Using the orthogonality of the basis, we compute

<v,u,-> = <a1u1 + QU+t anun,ui>
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This implies that a; = <v,u,->/<u,-,u,> fori=1,2,...,n, which is the desired result.
|

The above scalars

, fori=12,...,n,

are called the Fourier coefficients of v with respect to {u1,...,un}.

Consider a non zero vector w in an inner product space V. For any veV,
we have showed that
PICALIRAY:
W.w) - w?

is the unique scalar such that V=V_aW is orthogonal to w. The projection of
v along w, denoted by proj,V, is defined as

_wW) W)

proj,,v
Yoww) w2

The above notion is generalized as follows.

rTheorem 4.7 :

Suppose that u;,U,,...,u, form an orthogonal set of non zero vectors in V.
Let v be any vector in V. Define
\“/=v—(c1u1 +CoU,y +---+crur)

where

(vu,)

(v.u) _ _
<u1,u1>' c _<u2,u2>' ey C.=

Then v is orthogonal to uyu,,...,u, .
\ J

C1 =

Proof. We verify that v is orthogonal to U U,,...,u, . For i=12,..,r, compute

using the orthogonality of u;,u,,...,u,
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= v,ui>— <vu,> <u. u.>=<v,ui>—<v,ui>=0.

Therefore v is orthogonal to u;,u,,...,u, . n

Notice that each ¢; in the theorem above is the Fourier coefficient of v along
the corresponding vector u;.

The notion of the projection of a vector v eV along a subspace W of V is
defined as follows. If W = S|oan{w1,w2,...,wr where the w; form an orthogo-
nal set, then the projection of v along W, denoted by proj, Vv, is defined as

) o) ]

proj Vv = W, +
T ) T (wywp) (wpw, )

w,.

4.6 Gram-Schmidt orthogonalization

Suppose that {v1,v2,...,an is a basis of an inner product space V . One can
use this to construct an orthogonal basis {w1,w2,...,wn} of V as follows. Set

W1 =V1,
W, =V, —pr0]W1V2,

W3 =V3 - pr01W1v3 - pr01W2v3,

W, =V, —projw1vn —projwzvn — —projwn_1vn.
In other words, for k=2,3,...,n, we define
Wi =Vi =Proliy,_ Vi, where W, ;= Span{wy,Wy,...,W_4}.
By Theorem 4.7, each w, is orthogonal to the preceding w's. Thus,
W, W,,...,W, forms an orthogonal basis for V as claimed. Normalizing will

then yield an orthonormal basis for V.

The above construction is known as the Gram-Schmidt orthogonalization
process. Each vector w, is a linear combination of v, and the preceding
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w’s. Hence, it can easily be shown, by induction, that each w is a linear com-
bination of v;,v,,...,v,. Because taking multiples of vectors does not affect
orthogonality, it may be simpler in hand calculations to clear fractions in any
new w,, by multiplying w, by an appropriate scalar, before obtaining the
next W 4.

Suppose Uy, U,,...,u, are linearly independent, and so they form a basis for
U=Span{u1,u2,...,ur}.

Applying Gram-Schmidt orthogonalization to the u's yields an orthogonal basis
for U . The following theorems use the above algorithm and remarks.

rTheorem 4.8

Suppose that S = {w1,w2,...,wr is an orthogonal basis for a subspace W

of a vector space V. Then one may extend S to an orthogonal basis for
V; that is, one may find vectors W,,,...,W,, such that {w1,w2,...,w } is an

. r+1r: n
orthogonal basis for V.

Proof. Since S is a linearly independent set in V, we can extend S to a basis
of V. Thatis, we can find vectors u,,;,...,u,, such that {w1,...,wr,ur+1,...un} is
a basis for V. For k=r+1,...,n, we define

W, =uk—projWk e where W, 4 =Span{w1,w2,...,wk_1}.
This is just the Gram-Schmidt orthogonalization process applied to
{w1,...,w,,ur+1,...un}, which yields an orthogonal basis for V . []
Theorem 4.9

Let W be a subspace of an inner product space V . Then each vector
v eV can be expressed uniquely in the form

V=W+W, weW, weW"

Proof. Let {u1,.. u } be a basis for W . Applying the Gram-Schmidt ortho-

AU,
gonalization process, we obtain an orthogonal basis for W:S = {w1,...,wr} .

Using S, for every veV, we can write

V = projy, v +(V - proj, v)
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Clearly, proj,veW . By Theorem 4.7, (v—proij) is orthogonal to every
vector in S and, thus, to every vector in W. Therefore, (v - proj,,v) e W™

Suppose that we can write
VEw+w, weW, weWt
Then subtracting the above expression from v = proj, v + (v —proij), we get
0 = (proj, v -w)+ (v —projy Vv - vAv)
Observe that (proj, v-w)eW and (v —~proj, v —vAv) e W, Therefore,
0= <0,proij - w> = <(proij ~W)+ (v ~proj, Vv - vAv),proij - w>
= <proij —W,proj,, v - w>.
This implies that proj,,v—-w =0 or, equivalently, w = proji,,v. Similarly,
0= <O,v —proj, v - vAv> = <(proij -W)+ (v —projy, v - vAv),v —projy, Vv - vAv>
= <v ~proj,, v - vAv,v —proj,, v - vAv>

Therefore, v —proj, Vv - w=0 or, equivalently, W=v- proj,, V. This proves that
each v eV is expressed uniguely as Vv = proj,, v + (v —proij). |

/ N\

Apply the Gram-Schmidt orthogonalization process to find an orthogonal
basis for the subspace U of R™ spanned by

Therefore, we first set wy =v,. Then we set

. 12
W, =V, —pr01W1v2 =V, _ZW1 =
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p
Finally, compute

(-8) 7). |70
Wi Wa =l 2

V, —Proj,, Vo —proj,, Vo =V, —
3 W, 3 W, 3 3 4

Multiplying the last vector by 10 to clear fractions, we set

Thus, wy,wW,, W5 form an orthogonal basis for U.
-

Ve

Let V be the vector space of polynomials with inner product

1
9= | o gt) it

Apply the Gram-Schmidt orthogonalization process to {1,t,t2,t3} to find an
orthogonal basis for Pj.

Here we use the fact that, for r+s=n,

1 n+1
<tr,t5> = j =t
-1 n+1

We compute

fo(t)=1
fi(t) = t—projfot =t-0=t

1
_|2/(n+1), when nis even
1 - 0, when nis odd

_ 2 2 o2 2
L) =t —pI’O]fOl’ —pr01f1t =t ——

3
. , . 3
K=t —Pf01f0t3 —Pr01f1t3 —prOszt3 =t gt

Thus, {1,t,t2 —%,t3 —%t} is the required orthogonal basis.

-
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4.7 Orthogonal projections and minimization

Suppose that U is a subspace of an inner product space V. Then each vector
v e V can be written uniquely in the form
V=U+W,

where ue U and w e Ut. We use this decomposition to define a linear map-
ping on V, denoted by proj,, called the orthogonal projection of V along U.
For v eV, we define proj,v to be the vector u in the decomposition above.

The orthogonal projection along a subspace satisfies the following properties.

VTheorem 410 7

Let U is a subspace of an inner product space V . Then,
1. range proj, =U

2. ker proj, =U*

3. V-projyve Ut forevery veV.

4. proja = projy

S. ||proij||< [[v] forevery veV.
- J/

Proof. 1. If ue U, then u=proj,u. Therefore, ue range proj, . Conversely, if
ue range proj;, then by definition, ue U . Altogether, we have U c range
proj, and range proj, < U, which implies range proj, =U.

2. If ueU™, thenitis expressed uniquely as u=0+u since it has no compo-
nentin U other than the zero vector. Then proj,u=0 which means that u e
ker proj, . Conversely, if ue ker proj, then proj,u=0.But u is expressed
uniquely as u=0+w where w e U* . It follows that u e U*. Altogether, we
have U c ker proj, and ker proj, c U*, which implies ker proj,, = U*.

3. Since v can be expressed as v=u+Ww where we Ut and, by definition,
u = proj,Vv . It follows that w = v —proj,v and, thus, v —proj,v e ut.

4. Consider any vector v e V. Then, by the first and second statements above,
it can be written as v = proj,v +w where w e ker proj,. Therefore, applying
the orthogonal projection to both sides of this equation, we get

proj,v = projﬁv +projyw = projlzjv

But this is true for any veV . Then, projﬁ = projy -
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5. For every v eV, by Pythagoras,
[proiuv||” <[proiuv|| +v—proiyv|” = v/?
Taking the positive square root of both sides, we get ||projuv||< V.

By the definition of orthogonal projection, if U = Span{u1,u2,...,u
u; form an orthogonal basis, then
(v,uy)

(v.u,) -
() " (upu)

The following problem often arises: given a subspace U of V and a vector
veV, findavector ueU suchthat ||[v—u|| is as small as possible. The next
theorem shows that this minimization problem is solved by taking u = proj, v .

rTheorem 41 :

Suppose that U is a subspace of V and veV. Then

r} where the

proij= Uy +---+

||v - proij" lv-u

for every ue U . Furthermore, if ue U and the inequality above is an equa-
lity, then u= projv.
-

J

Proof. Suppose that ue U . Then
||v - proij”2 < ||v - projuv"2 + ||proij - u||2
= H(v —proj,v) +(proj,v - u)”2

= v-ul?,
where the first equality comes from Pythagoras, which applies because
gv—projuv)euL and (proj,v—u)eU . Taking the square roots gives the
esired inequality, which is an equality if and only if
S 2 .2 . 2
[v—projyv|” = |v -projyv|” +[projyv -u|".

This happens if and only if ||proij—u||=O , which happens if and only if
u= projv. |
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Let V be the vector space of polynomials with inner product

1
(f,9)= |_fiogtoat

hen, {1,t} is an orthogonal basis of P,. The polynomial g(t) e P; such that
‘t2k —q(t)| is as small as possible is
12k _

qt)= F’rojp1 k1’

and the polynomial r(t) e P, such that Ht2k+1 —r(t)” is as small as possible is

. 3t
r(t) = Prolp, 2kl = * 3

AN J

4.8 Least-squares problems

Inconsistent systems of equations Ax =b arise often in applications. When a
solution is demanded and none exists, the best one can do is to find an X that
makes Ax as close as possible to b. Think of Ax as an approximationto b.
The smaller the distance between b and Ax, given by | b— Ax||, the better the
approximation. The general least-squares problem is to find an x that makes
|lb—Ax| as small as possible.

Definition 4.2

If Ais mxn and b isin R™, aleast-squares solution of Ax = b is an )A( in
R such that

[0 - Ax <] b — Ax|

forall x in R

The most important aspect of the least-squares problem is that no matter what
X we select, the vector Ax will necessarily be in the column space, ColA.
So we seek an x that makes Ax the closest point in ColA to b. Of course,
if b happens to be in ColA, then b is Ax for some x, and such an x is a
"least-squares solution.”

Given A and b as above, let

b= projCol b
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where the orthogonal projection of b along ColA is defined with respect to
a given inner product. Because b is jn the column space of A, the equation
AXx = b is consistent, and there is an x in R" such that

N A~

Ax=Db

Since b is the closest pointin ColA to b, a vector X is a least-squares solu-
tion of Ax = b if and only if x satisfies Ax = b, which may have many solutions
if the equation has free variables.

Suppose that X satisfies AX = 6 The projection 6 has the property that b - 6
is orthogonal to ColA, so b- Ax is orthogonal to each column of A . If a; is

any column of A, then <a b- Ax> 0, and aTG(b Ax) 0, where G is the

Gram matrix relative to an appropriate basis. Slnce a] isarowof AT,
ATG(b-Ax)=0

These calculations show that each least-squares solution of Ax = b satisfies
the equation

ATGAx=ATGb

This matrix equation represents a system of equations called the normal equa-
tions for Ax=b.

rTheorem 412

The set of least-squares solutions of Ax = b commdes with the non empty
set of solutions of the normal equations ATGAx = A'Gb.

Proof. As shown above, the set of least-squares solutions is non empty and
each least-squares solution x satisfies the normal equations. Conversely,
suppose that x satisfies ATGAx= A'Gb. Then x satisfies A'G(b - Ax)=0,
which shows that b — Ax is orthogonal to the

rows of AT and hence is orthogonal to the columns of A. Since the columns
of A span ColA, the vector b— Ax is orthogonal to all of ColA. Hence the
equation

b = Ax + (b — AX)

is the decomposition of b into the sum of a vector in ColA and a vector
in (ColA)*. By the uniqueness of the orthogonal decomposition, Ax must

176



4. INNER PRODUCTS AND ORTHOGONALITY

be the orthogonal projection of b along ColA. That is, Ax=b and X is a
least-squares solution.

4 N\

Find the least-squares solution with respect to the usual inner product in
R? of the inconsistent system Ax = b for

4 0 2
A=|0 2|, b=|0]|.
11 M

In this case, we may assume that everything is expressed relative to the
canonical basis, thus the Gram matrix is the identity matrix I,, so the normal
equations read ATAx= A'b. To use the normal equations, we compute:

40140171
ATA= 0 2|=
02111 15

2
wolt 23[9
T
The equation ATAx=A'b becomes

7 bl

Row operations can be used to solve this system, but since AT A isinver-
tible and 2x2, it is probably faster to compute

(ATA)_1—l >
84| -1 17

and thento solve ATAx=A"b as

X = (ATA)_1 ATb= m

- J

In many calculations AT A is invertible, but this is not always the case as in
the following example.
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Find a least-squares solution relative to the usual inner product of Ax = b for

oOoo - =—
- = O O O O

N N W Y
o o — — OO

0

As in the previous example, the Gram matrix of the inner product relative
to the standard basis is the identity matrix. Compute

11 00
71711111171 0O 6 2 2 2
ATA=1100001010=2200
0O001T 1 0O0||I7T01O0 2 020
0O00O01TTI1|17T 001 2 0 0 2
170 01
L
T 1T 1T 11 1| 4
4|1 100000 |-4f
0011 00} 2 2
0 00011 5 6
1_
The augmented matrix for A" Ax=A'b is
6 2 2 2 4 1700 1 3
2 2 00 -4 0 10 -1 -5
2020 2[7]0o0 11 -2

2002 6 000 O O
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4.9 Orthogonal diagonalization

Let V be an inner product space. A symmetric linear mapping T:V -V
relative to an inner product is a linear mapping such that (T(u),v) = (U, T(v))
foralluyveV.

rTheorem 413

Suppose that T:V — V is a symmetric linear mapping. If B={by,...b,} is

an orthonormal basis for V. and M =(mjk) is the matrix representation of
T relative to B, then M =M. '

Proof. Recall that we obtain the k-th column of M by writing T(b, ) as a linear
combination of the basis B; the scalars used in this linear combination then
become the k-th column of M. Since B is orthonormal, we know how to write
T(bk) as a linear combination of B:

T(by)= <T(bk),b1>b1 +---+<T(bk),bn>bn

Thus M =<T(bk)rbj>. Using the symmetry of T and the symmetry of the
inner product, we get

m;y =(T(b).b;) =<bk,T(bj)> - <T(bj),bk> =my;
Therefore, M = (mj,k) = (mk,j) =MT. ]

One of the most important properties of symmetric linear mappings is stated
in the following theorem.

rTheorem 414

If T:V -V isasymmetric linear mapping, then any two eigenvectors from
different eigenspaces are orthogonal.

Proof. Let v4 and v, be eigenvectors that correspond to distinct eigenvalues,
say, 4 and 4,. To show that <v1,v2>=0, compute

g (Vo V) = (va, v, ) = <T(V1)'V2> = <v1,T(v2 )> = (V. 2gVp ) = 2 (V4.V}

Hence (4, —/12)<v1,v2>=0. But 4,2, #0 so <v1,v2>=0. [}
A linear mapping T:V — V is said to be orthogonally diagonalizable if V

has an orthonormal basis consisting of eigenvectors of T. The proof of the
following theorem is quite involved and is ommitted.
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Theorem 4.15

Let V be aninner product space. A linear mapping T : V — V is orthogonally
diagonalizable if and only if T is symmetric relative to the inner product.

This theorem is rather amazing, because the work in the previous chapter
would suggest that it is usually impossible to tell when a linear mapping is
diagonalizable. But this is not the case for symmetric matrices.

The next example treats a linear mapping whose eigenvalues are not all distinct.

f N

Orthogonally diagonalize the linear mapping T : R3 - R3 defined relative
to the canonical basis by

3 -2 4
TX)=|-2 6 2|x.
4 2 3

The usual calculations produce the characteristic equation
0=-43+1242 -211-98= (1 -7)%(1 +2).

A basis for the eigenspace associated with ;=7 is

1 -1/2
vi=|0|vy,=| 1
1 0
and a basis for 4, =-2 is
-1
vy =|-1/2

Although v, and v, are linearly independent, they are not orthogonal. Appl-
ying the Gram-Schmidt orthogonalization process and normalization, we
obtain the following orthonormal basis for the eigenspace associated with 4, :
1/42 17418
u=( 0 |uy,= 4/\/§ )

1742 1/\18
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4 N
An orthonormal basis for the eigenspace associated with
-2/3
us=|-1/3
2/3

Hence, C={u1,u2,u3} is an orthonormal basis for R3 and the matrix
representation of T relative to C is

7 0 O
0 7 0
0 0 -2
N J

An interesting observation is that if P = [u1...un] is a square matrix whose
columns satisfy u,.Tuj =0 fori=j and ujTuj =1 (as in the example above),
then PP =/ . This implies that P~' = P". Moreover, it is not difficult to verify
that P'=pP" if and only if the columns of P satisfy u,-Tuj =0 fori=j and

T
UjUj—1.
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